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Sunspots are "[o]penings in the Sun’s luminous atmosphere,
allowing a view of the underlying, cooler surface of the Sun,

which is likely inhabited".

William Herschel (1801)
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Summary

The Sun’s atmosphere is significantly influenced by events that often measure only tens
of kilometres in the horizontal direction. The phenomena that drive configuration and
dynamics of the atmosphere include wave dissipation, plasma instabilities, and mag-
netic reconnection. They happen in both quiet and active regions and are determined
by magneto-hydro-dynamic processes. Their origins often lie in the lowest layers of the
solar atmosphere. To improve the understanding of chromospheric and coronal heating,
the solar dynamo and its activity cycle, or to improve the prediction of space weather
events we must therefore enhance our understanding of such small-scale events.

Ground-based large-aperture telescopes offer a great potential to resolve these fine
details and derive the desired insights. However, to exploit their full potential we need
to remove instrumental and atmospheric degradations. For this we must employ image
reconstruction techniques. Despite the obvious benefits, image reconstruction introduces
a notable increase of the noise, which presents a significant challenge in the interpretation
of solar spectro-polarimetric data, which is complex and full of interdependence. Typi-
cally, the observed spectral line profiles are fitted to derive a model of the atmospheric
condition. Hence, the algorithms designed to analyse and decode observations into com-
prehensible information about the solar atmosphere can struggle with elevated noise lev-
els. It is, therefore, critical to address the implications of increased noise to advance our
understanding of solar dynamics.

In this work I first describe the process of calibrating such high resolution observa-
tions. Within this scope I develop a novel and generic approach for the so called flat-field
calibration of spectro-polarimetric data. The approach and developed code are applicable
to many instruments of the same family. Further, I am putting together the building blocks
for the mathematical proof of a widely used numerical image reconstruction algorithm.

In the second part of this Thesis I describe an instrumentation prototype which is
designed to fully exploit the resolution power of a 1.6 meter telescope. This instrument is
built to provide suitable data for image reconstruction of spectro-polarimetric data. In the
reconstructed data from this setup the effects of residual seeing are suppressed allowing
for a resolution of small-scale features down to the diffraction limit.

Due to practical compromises the simultaneous observation and interpretation of one
or two lines is still the norm for solar spectra with high spatial resolution. Previous theo-
retical works have shown that the simultaneous interpretation of multiple solar lines can
greatly improve the robustness against noise. Using observations from the described pro-
totype I advance the theoretical idea into a practical technique. As part of this work I
develop a line-selection method to prevent influence from lines with poorly determined
atomic parameters. With this new technique I can retrieve a coherent 3D model of the
solar atmosphere, resolving structures down to a horizontal size of about 49 km.

Finally, I use those new calibration and inversion techniques to interpret an observa-
tion of a solar pore. In this last part I describe and analyse small-scale structures, which
could not be spectro-polarimetrically resolved before. Based on a good qualitative match
between the atmospheric configuration derived from observations and a corresponding
simulated atmospheric configuration, typical pore-boundary features - namely, dark stria-
tions with bright grains moving into the pore - are identified as convective features.
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Zusammenfassung

Die Atmosphäre der Sonne wird maßgeblich durch Ereignisse beeinflusst, die in der
Sichtebene oft nur wenige Dutzend Kilometer umfassen. Zu den Phänomenen, welche die
Struktur und Dynamiken der Atmosphäre bestimmen, gehören Wellendissipation, Plas-
mainstabilitäten und Rekonnektion des Magnetfelds. Diese treten sowohl in ruhigen als
auch in aktiven Regionen der Sonne auf, werden von Prozessen der Magnetohydrody-
namik bestimmt und haben ihren Ursprung häufig in den untersten Schichten der Son-
nenatmosphäre. Um das Verständnis der chromosphärischen und koronalen Erwärmung,
des Sonnendynamos und seines Aktivitätszyklus, oder die Vorhersage von Weltraumwet-
terereignissen zu verbessern, müssen wir daher unser Wissen über diese kleinskaligen
Prozesse erweitern.

Bodengebundene Teleskope mit großer Öffnung bieten hierbei ein enormes Potenzial,
die gewünschten Erkenntnisse zu gewinnen, da sie sehr kleine Details auf der Sonne au-
flösen können. Um jedoch ihre Möglichkeiten voll auszuschöpfen, müssen instrumentelle
und atmosphärische Beeinträchtigungen entfernt werden. Dazu werden Techniken zur
Bildrekonstruktion benötigt. Neben dem offensichtlichen Nutzen wird Bildrekonstruk-
tion auch immer von einem deutlichen Anstieg des Rauschpegels begleitet. Dies stellt
eine erhebliche Herausforderung bei der Interpretation der komplexen solaren spektropo-
larimetrischen Daten dar. Zu ihrer Analyse werden typischerweise die beobachteten Pro-
file der Spektrallinien gefittet, um ein Modell der Sonnenatmosphäre abzuleiten. Algorith-
men, die auf diese Weise Beobachtungen analysieren und in verständliche Informationen
über die Sonnenatmosphäre umsetzen sollen, können daher mit erhöhten Rauschpegeln
Schwierigkeiten haben. Es ist deshalb entscheidend, die Auswirkungen des erhöhten
Rauschens zu minimieren, um unser Verständnis der Dynamiken der Sonne voranzubrin-
gen.

In dieser Arbeit beschreibe ich zunächst den Prozess der Kalibrierung hochaufgelöster
Beobachtungsdaten. In diesem Zusammenhang entwickle ich einen neuartigen und allge-
meinen Ansatz für die sogenannte Flat-Field-Kalibrierung spektropolarimetrischer Daten-
sätze. Der Ansatz, und der dafür geschriebene Code, sind für viele Instrumente derselben
Klasse einsetzbar. Weiterhin füge ich die Bausteine für den mathematischen Beweis eines
weit verbreiteten numerischen Bildrekonstruktionsalgorithmus zusammen.

Im zweiten Teil dieser Arbeit beschreibe ich einen Instrumentenprototyp, der dazu
entwickelt wurde, die maximale Auflösung eines 1,6-Meter-Teleskops auszuschöpfen.
Dazu erlaubt seine Konstruktion, die gemachten Beobachtungen für die Bildrekonstruk-
tion spektropolarimetrischer Daten zu nutzen. In den rekonstruierten Daten aus diesem
Aufbau werden die Auswirkungen des Seeings unterdrückt, was eine Auflösung kleinräu-
miger Strukturen bis hinunter zur Beugungsgrenze ermöglicht.

Aus praktischen Gründen ist die gleichzeitige Beobachtung und Interpretation von ein
oder zwei Linien nach wie vor der Standard bei räumlich hochaufgelösten Sonnenspek-
tren. Frühere theoretische Arbeiten haben gezeigt, dass die gleichzeitige Interpretation
vieler Sonnenlinien die Robustheit gegenüber Rauschen zum Teil erheblich verbessern
kann. Mit Beobachtungen aus dem beschriebenen Prototyp entwickle ich diese theoretis-
che Idee zu einer in der Praxis anwendbaren Technik weiter. Im Rahmen dieser Arbeit
beschreibe ich eine Auswahlmethode für Spektrallinien, um den Einfluss von Linien mit
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Zusammenfassung

unzureichend bestimmten Atomparametern zu minimieren. Mit dieser neuen Technik
kann ich ein konsistentes 3D-Modell der Sonnenatmosphäre gewinnen, das Strukturen
bis zu einer horizontalen Größe von etwa 49 km auflöst.

Abschließend wendete ich diese neuen Kalibrierungs- und Inversionstechniken bei der
Interpretation einer Beobachtung einer Sonnenpore an. In diesem letzten Teil beschreibe
und analysiere ich Kleinststrukturen, die zuvor spektropolarimetrisch nicht aufgelöst wer-
den konnten. Aufgrund einer guten qualitativen Übereinstimmung zwischen dem aus
der Beobachtung abgeleiteten und einem entsprechenden simulierten Modell der Atmo-
sphäre, können typische Merkmale am Rand einer Pore – nämlich dunkle Streifen mit
hellen Körnern, die in die Pore hineinwandern – als konvektive Strukturen identifiziert
werden.
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1 Introduction

The preceding quote from William Herschel1 is both astonishingly accurate and amus-
ingly incorrect at the same time. Consequently, it serves as a great example of two as-
pects: how science generally works (observation, hypothesis, experiment, evaluation, and
refinement of the hypothesis) and the significant progress we have made in the description
and understanding of the Sun and sunspots in particular.

1.1 Why are we interested in solar small-scale features?

The Sun heavily influences life on Earth by providing the energy necessary for photo-
synthesis, driving our climate and weather systems, and thereby sustaining our biosphere.
But its activity also generates space weather which can disrupt satellites, communication,
and power grids, which can critically impact our modern society. Because of its proxim-
ity, the Sun is also the only star that we can study in detail. While other stars appear as
simple points of light even through the most powerful single telescopes, on the Sun we are
able to resolve surface features and analyse the layers of its atmosphere. This makes the
Sun our best laboratory for understanding stellar physics and hence it serves as a reference
point for interpreting observations of more distant stars. However, achieving a very high
resolution on the Sun is not particularly easy and limited by practical constraints. In this
Section I strive to answer the questions why it is nonetheless important to surpass current
resolution limits.

Intensity images of the Sun often show darker features that are composed of a really
dark core, the umbra, surrounded by a less dark halo, the penumbra. Historically, they
have been interpreted as planetary transits, clouds (and their shadows on the surface),
mountains sticking out of a liquid, or openings in the atmosphere (Basalla 2006, Arlt and
Vaquero 2020). Since then, the spatial resolution of solar telescopes and the sophistication
of diagnostic techniques have improved. Today we know that the light we see from a dark
umbra of a sunspot is coming from an area that is about 1,000 Kelvin cooler and a few
hundred kilometres deeper than the surrounding photosphere. Sunspots have been iden-
tified as phenomena associated with the Sun’s magnetic activity (Hale 1908). The strong
magnetic fields in a sunspot effectively inhibit the convective processes in the Sun’s upper
layer (Biermann 1941, Zhivanovich et al. 2020). In the outer third of the Sun convection
is the main mechanism of heat transportation from the interior to the surface. Hence, the
observable surface within a sunspot is much colder and, therefore, appears darker. At the
same time, the magnetic pressure counteracts the gas pressure, preventing the hot plasma

1For more details on Herschel’s speculations on how the Sun might be populated, see Kawaler and
Veverka (1981), Basalla (2006), or French (2023)
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1 Introduction

from rising as high as usual, causing what is known as the Wilson depression (Wilson and
Maskelyne 1774). So sunspots are indeed "[o]penings in the Sun’s luminous atmosphere,
allowing a view of the underlying, cooler surface of the Sun" as Herschel phrased it.

However, many interesting questions still remain open. Taking the strong magnetic
fields into account, we can conclude that the umbra is actually too bright and hence too hot
(Schlüter and Temesváry 1958, Adjabshirzadeh and Koutchmy 1983). Assuming that in
the presence of magnetic fields with a strength between 1,000 and 4,000 Gauss convection
is completely stopped, much less heat transport should be possible via radiation alone
(Gough and Tayler 1966). To resolve this contradiction, we need a detailed description
of the small-scale plasma flow and magnetic structure of sunspots beyond the currently
achievable resolution limit and a description of the sub-surface field. While it is common
to observe the magnetic field in the Sun’s lower atmosphere (see Section 1.2 below), it is
currently not possible to directly probe the subsurface magnetic structures. Two models
have been proposed to describe the invisible deeper structure of a sunspot. In the 1930s,
Cowling, Biermann, and others proposed the "monolithic" model (Cowling 1985). It
describes the subsurface structure as a single, coherent magnetic structure with a well-
defined magnetic field. In this model, a sunspot is considered a compact, monolithic
entity. In the 1970s, Parker, Spruit, and others proposed the "cluster model" (Parker
1979, Spruit 1981, Choudhuri 1986). Here, the sunspot is no longer regarded as a single
monolithic flux tube but rather as a bundle of sheaves formed by multiple smaller flux
tubes. The original models could not withstand comparison with later observations, but
have been refined and updated to their modern forms (See, for instance, Solanki 2003,
Section 4).

Unfortunately, the deeper layers of the Sun, beyond the point where the plasma be-
comes completely opaque, are not directly observable. The only observational tool we
have, local helioseismology (Gizon and Birch 2005), is an indirect measurement tech-
nique that utilizes continuos measurements of the solar surface to detect acoustic waves
and to infer the structure of the Sun’s subsurface layers. Recent results seem to agree
better with the cluster model, but the question of which model is more appropriate has
yet to be conclusively clarified (Cho et al. 2021). The high complexity of the interactions
between magnetic field, solar oscillations and other waves still leaves room for multiple
interpretations of the data, leading to different predictions of the sub-surface structure.
The range of interpretations can hopefully be narrowed down by future developments in
this field (Tripathy 2023) and recent, uninterrupted, multiple-hours-long, high-resolution
observations from Sunrise III (Korpi-Lagg et al. 2025).

Simulations, on the other hand, (See, for instance, Schüssler and Vögler 2006, Bharti
et al. 2010, Rempel and Schlichenmaier 2011) have shed some (theoretical) light on this
region, providing numerical models of the deeper layers and connecting them to obser-
vations of the solar atmosphere. Any serious scientific model must produce testable pre-
dictions and both of the above basic sunspot models predict certain small-scale struc-
tures of sunspots. However, until now, it has not been possible to achieve satisfactory
agreement between observations and simulations. One reason for this is the limited res-
olution of available spectro-polarimetric observations, which enable us to decipher the
physical characteristics of the Sun’s atmosphere. Comprehensive reviews on sunspot evo-
lution, fine structure, and their magnetic nature have been provided by Solanki (2003),
Solanki et al. (2006), Tritschler (2009), Borrero and Ichimoto (2011), and Wiegelmann
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1.1 Why are we interested in solar small-scale features?

Figure 1.1: Scan image of a sunspot featuring some granulation cells at the sides, a fully
developed penumbra with filaments stretching out along the slit direction and a dark um-
bra with bright UDs. The image is assembled from restored slit positions from the context
imager, intensity is scaled to average quiet Sun continuum intensity.

et al. (2014). Therein also comparison of observations and simulations are discussed.
Traditionally, the presence of a penumbra, an area with intermediate brightness and

an elongated, filamentary structure, distinguishes a sunspot from a pore. Or, in other
words, a pore is an umbra without a penumbra. On closer inspection, this separation
seems fairly arbitrary. Pores that develop a penumbra become sunspots and sometimes
a sunspot can loose its penumbra and is then recognized as a pore. Moreover, pores
are observed in various sizes, from micro-pores the size of a typical granule to pores
with a fully developed umbra comparable to the size of an umbra of a small sunspot. A
statistical comparison between pores, transitional-, and fully developed sunspots of solar
cycles 24 and 25 was recently presented by Peng et al. (2024). The umbrae of larger and
more developed pores show similar small-scale features as sunspots, such as umbral dots
(UDs). Figure 1.1 presents a scan image2 from the FISS spectro-polarimeter (FISS-SP,
see Chapter 4) of a fully developed sunspot with a typical representation of those features.

The small brightness enhancements in umbrae of sunspots and pores were first de-
scribed by Chevalier (1916) and referred to as UDs by Danielson (1964). These small-
scale features are strong candidates for a magnetoconvective energy transport, which
could partly explain the observed brightness of umbrae. Simulations and nearly all obser-
vational studies agree on reduction of the magnetic field within most umbral dots, but re-
port different reduced field values (see, for example, Socas-Navarro et al. 2004, Schüssler
and Vögler 2006, Riethmüller et al. 2008, Bharti et al. 2009, Watanabe et al. 2012, Rieth-
müller et al. 2013). Further, Watanabe et al. (2012) reported counter examples with even
enhanced field of up to 2k Gauss in decaying UDs. Especially the predicted small-scale
plasma flows in the surroundings of UDs are still unsettled. Only Riethmüller et al. (2013)
could detect the average flow pattern predicted by Schüssler and Vögler (2006), but also
in this study the details remained unresolved.

2A scan image is an image assembled from restored context imager frames that closely matches the
scene as observed with the spectrograph. For this we take a narrow cutout at the slit position from each
restored context frame and append them to an extended field of view. Since the solar scene constantly
changes during the scan time a single frame from the context imager would often not be representative for
the scanned scene.
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Another convective structure that is typically observed in umbrae are light bridges
(LBs). These are bright elongated structures that penetrate deeply into an umbra and
sometimes even divide it in multiple parts (Leka 1997). Such LBs are, as well as the
boundaries of pores and surrounding granulation, dominated by small-scale structures
such as dark and bright striations, which are not much wider than 100 km and are well
observed with high-resolution broadband images (Reported, for example, in Scharmer
et al. 2002a, Schlichenmaier et al. 2016, Zhang et al. 2018). Kuridze et al. (2025) re-
port even smaller striations in a network region. However, up to now, a high-resolution3

spectro-polarimetric description of such small-scale features has not yet been presented.
I will further discuss such features in Chapter 6.

Going to even smaller spatial scales we find more open questions and unresolved pre-
dictions. Movies of intensity images with the highest resolution currently available show
ripples and wave patterns, hinting at the existence of very turbulent features below 50 km
in size4, which are not yet really resolvable. In magnetohydrodynamic (MHD) simula-
tions with the MURaM code (Vögler et al. 2005) Rempel (2012) and Schmassmann et al.
(2021) found unstable micro-convective flows in the dark umbra. They describe a shal-
low, unstable layer located right beneath the surface and magneto-convective filaments
connected to UDs, reaching four to five Mm in depth. Recently, Bhatia et al. (2025) also
reported such unstable flows in MURaM simulations of starspots. Until now, these flows
could not be confirmed observationally, as their size seems below the detection capabili-
ties of current flow-sensitive observations.

Not just since the famous detection of small-scale brightening events, popularly dubbed
"campfires", in the solar corona (Berghmans et al. 2021, Harra 2021), ranging from 400 to
4000 km in size, has it become clear that the overall energy state of the solar atmosphere
is significantly influenced by small-scale events. The corresponding driving phenom-
ena, which include wave dissipation, plasma instabilities, and magnetic reconnection, are
ubiquitous across the Sun, occurring in both quiet and active regions, with their origins
in the lower layers of the solar atmosphere often measuring only tens of kilometres in
the horizontal direction. It is acknowledged today that understanding the structure and
dynamics of solar magnetic fields down to the smallest observable scales is essential for
advancing our understanding of chromospheric and coronal heating, deciphering the so-
lar dynamo and its activity cycle, and predicting space weather events (Yang et al. 2024,
and references therein). This closely ties the small-scale observations of the lower solar
atmosphere to the general understanding of our host star.

3By high-resolution I refer to spectro-polarimetric observations well below 0.1" resolution.
4For instance in the DKIST "fastcam" dataset (https://dkist.virtualsolar.org/

vanNoortfastcam/) acquired in June 2025 with a diagnostic setup at NSO/DKIST, built in collab-
oration with M. van Noort.
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1.2 Deciphering the Sun’s atmosphere

Quantifying the physical parameters of the solar atmosphere, most notably the temper-
ature (T ), line-of-sight velocity (vLOS), and magnetic field, characterized by its strength
(B), azimuth (ϕ), and inclination (γ), within the lower atmospheric layers down to the
solar surface is key to understanding the Sun. However, it is clearly impossible to stand
with a thermometer and a compass on the solar surface to measure these properties in situ.
One reason for not being able to stand on the solar surface is its temperature5. Another
one is that the Sun does not have a definite boundary that we could call a proper surface.
We usually refer to the solar surface, known as the "photosphere", as the region where the
plasma quickly becomes completely opaque. The solar surface is a layer of gas approx-
imately 100 km thick. The gas density decreases exponentially with increasing height
above the photosphere. Fortunately, we can measure the atmospheric properties remotely,
if only indirectly.

1.2.1 Observability

The photon transport through any medium takes place by multiple repeated scatterings,
absorptions, and (re-)emissions. The likelihood of these processes is determined by the
composition and (optical) thickness of the medium as well as the frequency of the pho-
ton. Splitting the sunlight into its colours, or frequency components, the so called spec-
trum, reveals that the spectrum is not a continuous and smooth progression from blue to
red. Instead, it is full of absorption and emission lines, caused by the absorptions and
(re-)emissions from atoms or molecules in the solar atmosphere6. We refer to the appar-
ently line-free parts of the solar spectrum as continuum. The continuum intensity can be
translated into temperature, measured in Kelvin (K), at the emitting solar surface. All
spectral lines have a "natural" place within the frequency domain, usually measured in
Ångstrom (Å). A displacement of an observed line with respect to its nominal position
can be directly translated into vLOS measured in km/s. Emission in the presence of a mag-
netic field, as well as scattering processes, further cause the sunlight to be polarized. Since
these effects are imprinted onto the photon, and remain practically unchanged during its
unobstructed journey towards the Earth, they can be measured using polarization optics
and photon detectors.

An historical overview on the discovery of magnetic signatures in the sunlight and an
introduction to the process of inferring the atmospheric parameters from observations can
be found in del Toro Iniesta (2007). A good basic introduction, with focus on observability
and practical instrumentation, can be found in Stix (1991). A deeper discussion of the
solar case was presented in del Toro Iniesta (2007), while in Frisch (2022) the general
theory of radiative transfer beyond the solar application can be found. Here, I only want
to briefly motivate how we can measure and use the polarization to estimate the magnetic
field, as it is the most complex of the physical parameters to infer.

5Indeed, it can be argued that you could (very) briefly visit the solar surface without being harmed by
its temperature. See, https://what-if.xkcd.com/115/, for further discussion.

6If observed from ground the imprint of earth’s atmosphere, the so called telluric absorption lines,
becomes visible, too.
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1 Introduction

Figure 1.2: Fully linearly and right-circularly polarized monochromatic light propagating
along the line of sight axis z (left, adapted from Gonçalves and Irene 2002, Figure 2) and
one possible set of "basis components" with which different states of polarization can be
described (right).

In the idealized case of fully polarized monochromatic light7 we can describe the
electric field vector in the relevant transversal (x, y)-plane in a simplified form as

E := (Ex, Ey) =
(
Ax cos(ωt), Ay cos(ωt − ϕ)

)
, (1.2.1)

where A j is the magnitude of the peak amplitude of the wave, ω := 2πν the angular fre-
quency (for frequency ν), and ϕ the phase. Further, all possible polarization states can be
described with the selection of "basis components"M :=

{
Mi | i ∈ {1, . . . , 6}

}
. Figure 1.2

exemplifies two polarization states and a possible set of "basis components". Unfortu-
nately, the components of the electric field vector cannot be measured directly with imag-
ing photon-counting detectors. But with the chosen set of "basis components" we can
describe linear combinations of them, the so-called Stokes parameters. In the idealized
case this can be described by

I := M1 + M2 = M3 + M4 = M5 + M6 = A2
x + A2

y

Q := M1 − M2 = A2
x − A2

y

U := M3 − M4 = 2AxAy cos(ϕ)
V := M5 − M6 = 2AxAy sin(ϕ). (1.2.2)

In contrast to the components of the electrical field vector E, the Stokes parameters
can be detected. In our case of six basis components we can use a setup as follows: The
incoming light must be sorted or filtered by basis component, which is causing detectable
fluctuations in the image intensity. This is done with two optical components: A retarder

7In reality, natural light is never fully polarized and monochromatic. I have chosen this simplification
for the practical reason that this idealization allows for a rather compact presentation of the core concepts
of polarimetry.
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(R) and a polarizer (P). The first device shifts the phase of one component of the electric
field by a given δ, for instance for the y-component:

R
(
(Ex, Ey)

)
= (Ex, Eyeiδ). (1.2.3)

The second device only transmits linearly polarized light in one direction, the direction of
angle θ in the transversal plane, such that the exiting light becomes completely θ-linearly
polarized. The resulting field can be described at

P
(
(Ex, Ey)

)
= (Ex cos θ, Ey sin θ). (1.2.4)

Both devices together will cause a measurable difference in the intensity (Imeas(θ, δ)) that
depends on the angles θ and δ. When rotating θ to 0◦ and 90◦ we can create the basis
components M1 and M2, rotating to 45◦ and 135◦ creates M3 and M4, and adding further a
quarter wave retardance to the last two creates M5 and M6. This yields another description
of the four Stokes parameters in terms of six measurable intensities:

I = M1 + M2 = Imeas(0, 0) + Imeas(π/2, 0)
= M3 + M4 = Imeas(π/4, 0) + Imeas(3π/4, 0)
= M5 + M6 = Imeas(π/4, π/2) + Imeas(3π/4, π/2)

Q = M1 − M2 = Imeas(0, 0) − Imeas(π/2, 0)
U = M3 − M4 = Imeas(π/4, 0) − Imeas(3π/4, 0)
V = M5 − M6 = Imeas(π/4, π/2) − Imeas(3π/4, π/2). (1.2.5)

In our case of fully polarized monochromatic light the Jones representation (Equa-
tion 1.2.1) can be identified with the measurable Stokes representation (Equation 1.2.5)
via Equation 1.2.2. However, the Jones representation is not adequate for natural light,
which is always partially polarized, and has a non zero frequency bandwidth. The Stokes
formalism does not need such restrictions. A detailed comparison of Stokes and Jones
representations can be found in Shurcliff (1962). We can define the degree of polarization
ϱ by

ϱ :=

√
Q2 + U2 + V2

I
. (1.2.6)

Natural light always satisfies ϱ ∈ (0, 1).
As we will discuss later8 the time it takes to complete a modulation cycle is critical.

Modern instruments therefore often use a setup that only needs four instead of six mod-
ulation states. A common setup of this type consists of two retarders, typically one of a
quarter wave (ϕ1 := λ/4) and the other of a half wave (ϕ2 := λ/2), at variable rotations of
α1,2 and a polarizing beam splitter (PBS) that acts as a linear analyser (See, for instance,
Mártinez Pillet et al. 1999, Gandorfer 1999, Keller et al. 2003, Feller et al. 2014, Iglesias
et al. 2016, van Noort et al. 2022). The transformation on the Stokes parameters caused
by any optical element can be described as a 4 × 4-matrix, the so called Mueller matrix
(Collett 2005).

8See discussion on seeing and image restoration in the following Section 1.3.
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The Mueller matrices for the components above are easily defined as

P :=
1
2


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0


for the polarizer,

V(ϕ) :=


1 0 0 0
0 1 0 0
0 0 cos ϕ − sin ϕ
0 0 sin ϕ cos ϕ


for the retarder, depending on the retardence ϕ, and

R(α) :=


1 0 0 0
0 cos 2α sin 2α 0
0 − sin 2α cos 2α 0
0 0 0 1


for the rotation α of the elements along the optical axis. Typically, the rotation changes by
45◦ and both retarders have a rotational offset to the optical axis, thus α1,2 = θ1,2+β1,2 with
β1,2 ∈ {0◦, 45◦} variable and θ1,2 ∈ [0◦, 360◦) fixed. Assuming the incoming light vector
S 0 = (I0,Q0,U0,V0)T = (a, b, c, d)T not to change during one modulation cycle, We can
describe the resulting four modulation states, defined by the combinations of possible α1,2,
as

MS (α1, α2, ϕ1, ϕ2) = P · R(−α2) · V(ϕ2) · R(α2) · R(−α1) · V(ϕ1) · R(α1) · S 0. (1.2.7)

Each state again describes a full Stokes vector, but with our photon detectors we can
only measure the I component, which corresponds to the first component of the resulting
Mueller matrix of the system, and which is different for each combination of ϕ1,2 and α1,2.
With ϕ1,2 fixed and two possible values for each αi this results in a set of four equations
of the form

2 I(α1, α2, ϕ1, ϕ2) = a +
(
b cos 2α1 + c sin 2α1

)
cos 2(−α1) cos 2α2 cos 2(−α2)

+ sin 2(−α1) cos 2α2 cos 2(−α2)
·
(

cos ϕ1
(
− b sin 2α1 + c cos 2α1

)
+ sin ϕ1

(
− b sin 2α1 + c cos 2α1

))
+ sin 2α2 cos 2(−α2))

·

((
b cos 2α1 + c sin 2α1

)
sin 2(−α1) + cos 2(−α1)

·
((
− b sin 2α1 + c cos 2α1

)
cos ϕ1

+ sin ϕ1(−b sin 2α1 + c cos 2α1)
))
. (1.2.8)

Since α1, α2, ϕ1, and ϕ2 are all known parameters, we can retrieve S 0 from the four mea-
sured intensity values by solving a system of linear equations. The modulation scheme
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and its efficiencies can be optimized by choosing different retardence values ϕi and differ-
ent offsets θi for the rotation along the optical axis. Details of such an optimization are,
for instance, described in Iglesias et al. (2016).

Combining the first rows of each modulation state matrix MS (α1, α2, ϕ1, ϕ2) into a
new matrix results in the so called modulation matrix (M) of the system. This allows us
to determine how suitable our system is to measure the individual Stokes parameters. For
our system with 4 modulation states, the efficiency ϵs ∈ [0, 1] for Stokes parameter s can
be calculated as:

ϵs =
1
4

√√
4∑

k=1

M2
k,s. (1.2.9)

Values closer to one correspond to a better observability of the corresponding parame-
ter. In an actual telescope observation also the polarization created by the telescope, the
instrument and also the sensor response itself play an important role and measurements
need to be calibrated for those effects. The modulation scheme can be optimized ac-
counting for real world imperfections, when θi remain adjustable. Such a calibration and
optimization method for measured polarimetric modulated intensities is described in van
Noort and Rouppe van der Voort (2008).

1.2.2 Instruments for solar observations
Instruments that aim to collect the spectral and polarimetric information that we need to
decipher the Sun’s atmosphere must record three data dimensions, namely two spatial
and one spectral dimension. Naturally, it is difficult to collect a 3D data structure with
a 2D sensor. There are basically three types of instruments for the observation of high
spatial resolution spectra: (i) Filtergraphs that capture narrow band images at various
wavelengths, scanning the spectral dimension over time, (ii) Spectrographs that capture
images with one spectral and one spatial dimension, scanning the other spatial dimension
over time, and (iii) Integral field instruments that capture full spectral and spatial data
simultaneously. All three types are described in more detail and the currently available
instruments summarized and contrasted in Iglesias and Feller (2019). The main concep-
tual difference of these instrumentation types lies in the dimension that is sampled with
time: As the Sun changes constantly during observation, the signal recorded along the
time dimension originates from a slightly altered feature. Filtergraphs produce coherent
2D images, while the observed feature evolves during a scan along the wavelength di-
mension, which can effect the observed line shape. Slit spectrographs, on the other hand,
sample coherent wavelength information, while the feature evolves during the collection
of one of the spatial dimensions. Integral field units, which sample coherent information
in all three dimensions, are today still limited to a relatively small field of view (FOV)
that does not allow to observe larger structures in their entirety.

All these instruments can be equipped with polarimetric capabilities to measure the
Stokes parameters. We refer to such instruments that measure the polarization of light
across various wavelengths and on spatially resolved features as spectro-polarimeters
(SPs). In practice multiple possible setups exist, an introduction to observational po-
larimetry can be found in Stix (1991) and in del Toro Iniesta (2007) Chapter 5. In this
Thesis I will focus on a subset of (ii): grating-based slit-scanning spectrographs with
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Figure 1.3: Computer Aided Design (CAD) drawing of FISS-SP, the spectro-polarimetric
extension of FISS. The two inlays show the extension modules consisting of the new slit
unit (left) and the new spectral camera unit (right).

polarimetric capabilities. In this case a narrow slit is placed in the focal plane of the tele-
scope and the beam is then directed onto a grating to disperse the spectrum. The solar
image is moved across the slit to scan a region of interest (ROI).

The main instrument used for this thesis is a spectro-polarimetric extension of the
Fast Imaging Solar Spectrograph (FISS, Chae et al. 2013). Two extension modules where
added to the existing instrument to allow for spectro-polarimetric observations. These
modules are (1) a new slit unit, consisting of a context imager, a slit selection library,
a pre-filter, and the polarimetric modulator and (2) a new large sensor spectral camera
and a PBS. A design drawing of the resulting FISS-SP setup including the two extension
modules is presented in Figure 1.3. The SP extension utilises a dual beam modulation
scheme with 2× 4 modulation states based on two ferro-electric liquid crystals (FLCs) as
retarders and a PBS analyser. As already mentioned, the time it takes to complete a mod-
ulation cycle is critical, especially in ground based observations. A FLC based modulator
allows for a four state modulation scheme with a temporal modulation frequency of up to
1 kHz (Gisler et al. 2003) and hence allows for the desired high frame rates. The setup,
calibration, and first-light observations of FISS-SP will be detailed in Chapter 4.

1.2.3 Interpretation of the observations

Observations from such SP instruments enable us to investigate the physical parameters
of the solar atmosphere using a process termed "Stokes inversion" which employs the
polarization profiles of spectral lines. However, converting these observations into usable
information is highly complex, as their interpretation relies on an intricate relationship
between atmospheric parameters and the way light is absorbed and emitted as a function

24



1.2 Deciphering the Sun’s atmosphere

Figure 1.4: Example of Zeeman polarization signals in I, Q, U and V from the 5250 Å
Fe i-lines in a pore. The top row shows the spectra with vertical axis expanding along the
slit (arc-seconds) and horizontal axis in wavelength direction (Å). The bottom row shows
the spatially averaged profiles from the area between the blue lines in the spectra in blue
and a reference average quiet Sun profile without a Zeeman signature in gray. The spectra
have been recorded with FISS-SP and are restored.

of wavelength and height, described by the optical thickness and source function. This
function describes the ratio of emission, absorption and re-emission along the line of sight
and is a function of the matter properties (density, temperature, composition). To simplify
this, let us assume that at any point in the solar atmosphere, all microscopic processes
(like collisions, excitations, and ionizations) are in equilibrium, and the local temperature
accurately describes the system’s thermodynamic state. This state is referred to as Local
Thermodynamic Equilibrium (LTE). Under this assumption the source function Sν,T can
be described by the Planck function Bν(T ) of the local temperature T at a given frequency
ν. Focusing on the beam itself and neglecting influences from adjacent material and
adjacent or crossing beams, that is, assuming a one dimensional atmosphere, the observed
intensity Iν can be described by the simplified radiative transfer equation (RTE) as follows
(Stix 1991):

Iν(s) = Iν(s0) · e−τν(s0,s) +

∫ s

s0

Bν

(
T (s′)

)
· αν(s′) · e−τν(s′,s) ds′, (1.2.10)

where τν(s1, s2) is the scalar optical depth between s1 and s2, and αν the absorption coef-
ficient. While the contribution of the individual parts, especially the incident beam Iν(s0),
are nicely visible in the integral form, for a compact notation its differential form is often
preferred:

dIν
ds

= αν(s)
[

Bν(T (s)) − Iν(s)
]
. (1.2.11)

If the composition and temperature of the solar atmosphere and the velocities along the
line of sight are known, the solution of the RTE results in synthetic Stokes-I profiles for a
selected wavelength range and spectral lines.

In the presence of a magnetic field the aforementioned polarization processes add
further complexity. The biggest influence on the line shape is known as Zeeman effect9,
as shown in Figure 1.4. This effect describes the splitting of an absorption line due to
splitting of energy levels of an atom into sub-levels in the presence of a magnetic field

9The discovery of this effect and its influence on solar physics is described in del Toro Iniesta (1996).
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B. An energy level with total angular momentum quantum number J splits into 2J + 1
sub-levels with different magnetic quantum numbers (M). The energy spacing between
these sub-levels is proportional to the unsigned magnetic field strength |B| and the Landé
factor10. When a magnetic field is present, each of the electronic energy levels involved
in an atomic transition can split, resulting in multiple possible transitions and thus the
original spectral line splits into multiple so called Zeeman components. Which transitions
between sub-levels are allowed is governed by selection rules: (i) Magnetic quantum
number transitions are only allowed between states where the magnetic quantum number
changes by zero or by one (∆M ∈ {0,±1}). And (ii) also total angular momentum quantum
transitions must satisfy the change by 0 or one (∆J ∈ {0,±1}), but with the additional
constraint that transitions between two states both having J = 0 are forbidden. We can
group the Zeeman components by their magnetic quantum number transition:

∆M = 0 transitions produce linearly polarized components, which are not shifted in
wavelength (π-components).

∆M = +1 transitions produce elliptically polarized components, which are relative to
the nominal line position shifted to shorter wavelengths (σb-components).

∆M = −1 transitions also produce elliptically polarized components, but with oppo-
site spin direction, which are relative to the nominal line position shifted to longer
wavelengths (σr-components).

A schematic drawing of components and transitions of the normal Zeeman effect is pre-
sented in Figure 1.5. The actual observed splitting and polarization of the line profile then
depends of the amount of field, which allows us to estimate the field strength in the inver-
sion process. Further details, especially on the more general anomalous Zeeman effect,
where transitions no longer necessarily have the same energy potential, can be found in
del Toro Iniesta (2007), Chapter 8.

To compute the full Stokes vector Iν := (Iν,Qν,Uν,Vν) a vector radiative transfer equa-
tion (VRTE) is needed. The differential form for polarized radiation can be given as (del
Toro Iniesta 2007):

dIν
dτC

= Kν

[
Sν,T − Iν

]
, (1.2.12)

where Sν,T := (Bν,T , 0, 0, 0)T is the source function vector and dτC = −χ
C ds the optical

depth of the continuum with −χC the frequency-independent absorption coefficient for
the continuum. This coefficient translates the geometrical depth s, that we used before, to
the optical depth, which is a function of opacity and hence more suitable for an observa-
tion. Further, Kν denotes the 4 × 4 propagation matrix that contains the combined effects
of absorption coefficients αν, magneto-optical (dispersive) coefficients, and the Zeeman
components. It therefore determines how polarization states are absorbed and intercon-
verted as the beam propagates.

So far we have assumed that temperature, velocities, and magnetic field configuration
are known and we can thus solve the (V)RTE. Unfortunately, those are exactly the values

10The Landé factor (g) is the dimensionless proportion between the total magnetic and total angular
momentum of an atom, and hence describes its probability to split. A first energy level specific version was
presented by Landé (1923) and later generalized by Shenstone and Blair (1929).
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Figure 1.5: Idealised tran-
sition scheme of the normal
Zeeman effect for a transition
J : 2→ 1. On the left transi-
tion without field (B = 0) is
presented, while on the right
a relevant field (B >> 0) is
present. The red, green, and
blue arrows represent the tran-
sitions with ∆M of -1, 0, and
+1 respectively. The transi-
tions of each group have the
same energy potential (indi-
cated by the same length of
the arrows) and hence result
in the same line component in
the splitting pattern, exempli-
fied below.

that we wish to extract from the observations. Least-squares inversion methodologies,
involving either analytical or computational solutions of the (V)RTE, are utilized to tackle
this issue. These techniques compare observed Stokes profiles to those synthesized from a
presumptive model atmosphere. The disparity is then employed to adjust the atmospheric
parameters until the match between the synthetic and observed profiles is satisfactory.
This process leads to the creation of a model atmosphere capable of representing the
spectro-polarimetric observations, considering the model’s assumptions and constraints.

To briefly summarize the process of Stokes inversion, it involves three steps: (1) Com-
puting synthetic Stokes profiles for a given configuration of the solar atmosphere by solv-
ing the (V)RTE. (2) Comparing the observed Stokes profiles with the synthesized ones.
(3) Evaluating the disparity between synthetic and observed spectra and adjusting the
atmospheric parameters, and iterating steps 1-3 until a satisfactory match is found. A
comprehensive description of solar Stokes-inversions can be found in del Toro Iniesta
(2007) and del Toro Iniesta and Ruiz Cobo (2016).
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Figure 1.6: Artificial images of diffraction patterns caused by telescope apertures: Airy
Disk pattern of an ideal unobstructed circular aperture (left) and "Christmas Star" pattern
of a circular aperture with central obstruction and a four-leg spider (right). Generated
using http://aberrator.astronomy.net.

1.3 Diffraction-limited, ground-based solar observations

The current defacto standard for high-resolution, slit-scanning spectro-polarimetric ob-
servations is set by the spectro-polarimeter aboard the HINODE satellite (HINODE/SP,
Lites et al. 2001, Kosugi et al. 2007, Tsuneta et al. 2008). While the HINODE solar op-
tical telescope (SOT) boasts a 0.5-meter aperture, the next generation of ground-based
solar telescopes with primary apertures exceeding 1.5 meters has arrived. Unfortunately,
when observing the Sun it is impossible to obtain a "true" solar image. Any recorded
image suffers from instrumental and external degradations. Sophisticated data reduction
and calibration methods need to be applied to remove as much as possible the instrumen-
tal effects from the data. In Chapter 2 I will discuss some of these techniques in more
detail. But even if we consider the collected frames as calibrated with respect to common
effects like dark current, bias, sensor non-linearity, flatfield, and gain some instrumental
and environmental effects remain.

During the journey from the solar surface to the detector plane of an instrument, the
solar image is modified by the diffraction caused by the telescope aperture and other op-
tical aberrations. If the telescope is placed within the Earth atmosphere the effects of
the Earth’s atmospheric turbulence further degrade the recorded image. The primary ef-
fect of both of these processes on the solar image is to distort and smear the recorded
image, which strongly effects the small scale structures. In technical terms, this process
reduces the amplitudes of the high-spatial-frequency components of the Fourier trans-
formed image, and scrambles their phase. The static effect of the telescope and other
optical elements downstream is very well understood and can be modelled to the extent
of real-world imperfections in the physical setup. See Figure 1.6 for examples of idealized
diffraction patterns and Schroeder (2000) for an overview on telescope optics.
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However, for ground-based observations the main contributor to image degradation is
the external effect of atmospheric seeing. Light is emitted spherically, but as the Sun is
about 1.5 × 108 km (or 1 AU) away from the Earth, the curvature of the wavefront can be
neglected. We therefore assume the sunlight to arrive as a plane wave. When this plane
wavefront reaches Earth’s atmosphere the light is refracted from one patch of air, with a
given temperature and density, to another patch with different temperature and density.
Moreover, the small-scale structure of the atmosphere changes quickly and randomly.
These deviations from the ideal plane wavefront cause the spatial distribution of light in-
tensity originating from the same source. In the case of a point source the information
would simply be smeared out over a larger area. In the case of an extended source the ef-
fect is more subtle: Here, the seeing scrambles the signal from adjacent structures and the
image becomes blurry. We describe the spatial distribution of light intensity of an image
of a point source as point spread function (PSF), or its Fourier transform, the optical trans-
fer function (OTF). The combined wavefront aberrations, diffraction effects, and optical
aberrations from seeing, telescope, and instrument cause the effective PSF of our images.
Following Noll (1976), Wang and Silva (1980), and Wilson and Jenkins (1996), the PSF
can be efficiently described using an infinite linear combination of Zernike polynomials
(Zernike 1934). This will be discussed in more detail in Chapter 3.

According to Taylor’s Hypothesis (Taylor 1938) the timescale on which the seeing
condition changes is bound to the wind speed. Even if this hypothesis has been criticized
lately (Saint-Jacques and Baldwin 2000, Hilland and Christen 2024), the hypothesis that
seeing has a limited frequency is not at debate. Following Wilson and Jenkins (1996), also
the number of of Zernike polynomials needed is limited. Consequently, real time sensing
and correction of wavefront errors became possible, with the availability of fast computers
and fast cameras. Figure 1.7 shows a schematic overview of such an adaptive optics (AO)
system. However, for a perfect description of a PSF caused by a wavefront error still a
large number of Zernike polynomials and a very small sampling time of the sensor and
negligible image readout time combined with a high duty cycle would be needed. Also,
the deformable mirror (DM) is limited in response time, amplitude, and shapes that can
be modeled (Glindemann et al. 2000). Thus, the real-time correction delivered by an AO
system can only correct for some finite orders and frequencies of an aberration that was
measured some (short) time ago. With larger fields of view (FOV) or larger apertures the
best correction is also limited to an isoplanatic patch (usually in the center of the FOV),
that is the area of sky where atmospheric turbulence affects all light rays similarly.

Mathematically, the degradation of the true solar scene, hereafter just scene, can be
described as a convolution:

f (x) = p ⊛ s (x) :=
∫

p(x − x̂) · s(x̂) dx̂, (1.3.1)

where f is the image we observe, s the scene, p is the PSF normalized to
∫

p(x) dx = 1,
and symbols x, x̂ ∈ R2 denote the positions in the observed image and scene respectively.
We can interpret this process as follows: Each point on the object is substituted with a
PSF that has a strength proportional to the intensity value of the point and is centered on
its position. In the case of an extended object the image we observe is created by the
sum of all these partially overlapping PSFs. This process is obviously a linear operation.
It is therefore relatively easy to compute the PSF from the recorded image if we know
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Figure 1.7: Schematic drawing of an adaptive optics system. The plane wavefront is
distorted by the atmosphere. The distorted wavefront reaches the deformable mirror (DM)
and a less distorted wavefront is sent through a beam-splitter. Most of the light is directed
towards the instrument(s) while a small portion is fed into the wave front sensor (WFS)
to compute the online correction via the DM.

the scene. Once the PSF is known, we can undo its effect. This process is referred to as
deconvolution and best described within the Fourier domain, as convolution translates to
multiplication:

f (x) =
(
p ⊛ s

)
(x)

Fourier transform
−−−−−−−−−−−→ F(u) = P(u) · S (u), (1.3.2)

where u ∈ C is the spatial frequency coordinate. In Fourier space we can now divide by
the OTF P to restore the scene:

S (u) =
F(u)
P(u)

. (1.3.3)

Using the inverse Fourier transform we can now retrieve the undegraded scene. It is
important to note that, since we divided by P, any measurement error in f (i.e., noise),
will be amplified in the undegraded image.

In this context it is unfortunate that, opposed to any other observable star, the Sun is
not a simple point source and we cannot know the scene. We therefore need a metric that
allows for a "blind" reconstruction, that is a metric where no a priory knowledge of the
scene is needed. Multi Frame Blind Deconvolution (MFBD) (Schulz 1993, Miura et al.
1994, Paxman et al. 1996), is a post-facto estimation technique of the PSF. Their underly-
ing assumption is that over a given time span the only change is the PSF that describes the
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1.3 Diffraction-limited, ground-based solar observations

Figure 1.8: MOMFBD data collection scheme (simplified from Van Noort et al. 2005).
All detectors are strictly synchronized, such that all frames from all sensors are collected
at a particular time t. Each filter allows the passage of light in a different wavelength
window, allowing to observe multiple "objects" at the same time. The phase diversity
channels of each object add additional information to sense the wavefront error (see Mey-
nadier et al. (1999) for details).

seeing, while scene and instrumental aberrations remain constant. In this Thesis I will dis-
cuss an improved version, the Multi Object MFBD (MOMFBD) approach, as described
by Van Noort et al. (2005). This version combines the information from multiple objects
(recordings of the same solar scene at different wavelengths), and very many frames (typi-
cally frames are recorded with several hundred Hertz) per object. With this setup we have
hundredths of measurements of the same scene distorted by different PSFs which allows
us to estimate the PSFs and therefore restore the undegraded solar image. Further, in this
post-faco approach the analysis can be split to multiple patches of the image (each within
the size of the isoplanatic patch, which is inversely related to the telescope’s aperture and
the atmospheric altitude layers that dominate the seeing). Given sufficient overlap in the
patches, the obtained PSFs can be stitched together. This effectively allows to de-convolve
the full FOV of the recorded frames. As the operation is not performed in real time, the
time delay problem of AO systems does not apply here.

As all objects are distorted by the same seeing, the PSF is, apart from a wavelength
dependent scaling factor, the same. Thus, we can use all objects as input and solve the
deconvolution problem simultaneously. In practice we can approximate the PSF as a finite
linear combination of Zernike or Karhunen-Loève modes (Wilson and Jenkins 1996).
Figure 1.8 shows a schematic overview of data collection with two different objects and
two channels each.

Solar evolution time is the time it takes until a solar scene is significantly changed.
For instance, the time span of granular evolution is about 5 Minutes and after 15 Minutes
the solar scene on the photosphere has completely changed (see for example Dialetis et al.
(1986)). However, the length of the time scale where the scene can be assumed to be truly
unchanged depends on the telescope’s aperture (See Iglesias and Feller 2019, Figure 1).
By restricting frame selection to a small enough time scale we can assume that the solar
scene has not changed from frame to frame and the variation is exclusively related to
different realizations of the PSF. As a first approximation we can estimate the "seeing
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quality", that is how much the atmosphere degraded our images, by measuring the root-
mean-square (RMS) contrast of our frames: The higher the contrast for the same scene,
the better the seeing.

The minimization idea is the same for all objects and if computed simultaneously the
individual objects just provide additional constraints for the metric. To sketch the idea of
the MOMFBD algorithm we can thus ignore the multi object part and focus on a single
object. Let N ∈ N and fi, i ∈ [0,N] the frames taken into account. Let s again denote the
scene and pi the PSF corresponding to each frame fi described by the set of coefficients
αi ⊂ R for the linear combination of the modes. As convolution is a linear operation and
we are in the case of discrete detector pixels, the following equation holds

s ⊛
1
N

N∑
i=0

pi =
1
N

N∑
i=0

fi. (1.3.4)

We can now proceed with an iterative approach. In every step do

1. Compute the PSFs (p̂i) from a proposed set of coefficients α̂i

2. De-convolve each frame ( fi) with the proposed PSF (p̂i) to estimate the scene (ŝi).

3. Weight the estimated scenes by the seeing quality (ωi) and compute the common
estimate as weighted average (ŝ =

∑
ωi ŝi/N).

4. Compare each raw frame ( fi) with the common scene estimate re-convolved with
the corresponding PSF (ŝ ⊛ p̂i).

5. Stop the iteration if the disparity between re-convolved scene estimate and raw
frames is satisfactory, else generate a new set of coefficients α̂i and start over.

It is important to note two things here: (a) the estimated scene ŝ does not depend on the
individual frame but is a common estimate and (b) also no knowledge of the actual scene
is needed to compute ŝ. The idea is to minimize the disparity of Step 4, again weighted
by the estimated seeing quality of each frame (ωi).

Of course also the MOMFBD technique cannot restore the true solar scene completely.
It truncates the estimation at a finite number of modes, determined by numerical feasibil-
ity, and a non-negligible sensor-integration time is needed to collect enough photons.
Therefore, an underestimation of degradation caused by higher frequencies and modes is
systematic. I will provide the detailed mathematical description of the MOMFBD algo-
rithm and error metric in Chapter 3.

Let us now assume the image reconstruction problem to be solved. We also need to
discuss the degradation of spectral data. Neglecting internal spectrograph-aberrations, it
does not matter if we record the photons at the focal plane of our instrument directly,
or feed it into another instrument. Thus, the same convolution mechanisms apply to
photons which are collected via post focus instruments, as slit (scanning) spectrographs.
Unfortunately, spectrographic data do not have two spatial dimensions. Instead, we have a
spatial and a spectral dimension on our sensor. Also, integration time on spectral sensors
is usually considerably longer to compensate for the much lower photon flux (compared
to the wide band imagers used for MOMFBD). Thus, the available spectral information
alone is not sufficient to estimate the effective PSF.
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1.4 The problem with signal and noise

Figure 1.9: Data collection scheme for spectral image reconstruction with a context im-
ager. All detectors are synchronized, but allow for the context sensors to run at a frame-
rate that is a multiple of the spectrograph sensor. The slit area needs to be within the FOV
of the context imager. (Simplified schematic following Van Noort 2017)

Following Van Noort (2017), we extend the data acquisition setup for our spectrograph
by a slit-jaw or context camera. The reconstruction of the images from the context camera
using MOMFBD provides an estimation of the PSF that we can apply to the spectral
images. Figure 1.9 provides a schematic drawing of the data collection in case of a slit
spectrograph with a context imager. The slit-jaw case is similar. Instead of a beam splitter
in front of the slit, the reflective slit-jaws are tilted and a camera (with or without phase
diversity channel) is recording the reflected scene.

The application of the PSF estimated from the context images to the simultaneously
recorded spectra allows the spatial reconstruction of spectroscopic data and will be dis-
cussed at the end of Chapter 3 and examples of restored spectrographic data are given in
Chapters 3, 4, 5, and 6.

1.4 The problem with signal and noise

We can divide the signal contained in our recorded frames in two additive parts: The sci-
entifically relevant signal and any other signal. The latter we often refer to as "noise". As-
suming perfectly calibrated frames, where all systematic instrumental degradations have
been removed, our images are not pure signal. Each discrete frame that is recorded with
photo-electric imaging sensors is inherently affected by a pixel and time dependent un-
certainty. This random intensity variation is known as photon or shot-noise. Each frame
we take is therefore "contaminated" with random contributions, that are added to the sci-
entifically relevant signal. The emission of a photon is a statistical process that can be
described as a Poisson distribution (see Section 3.1.1.3). All camera sensors consist of an
array of pixels. The sensor converts light (in terms of collected photons) from each pixel
into a digital matrix of integers. The numbers in this matrix are referred to as analogue-to-
digital units (ADU, often simply called “counts”). The conversion factor from the number
of photo-electrons [e−] registered by the sensor to ADU is called the gain-factor, or simply
gain. Ignoring any other influences, the noise can be estimated by the square root of the
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total number of registrered electrons and we can define the signal-to-noise ratio (SNR) as

SNR :=
science signal√

total signal
=

science signal√
science signal + noise

. (1.4.1)

In the previous sections we have established image degradation by seeing and tele-
scope diffraction, which causes distortion and blurring of small structures by mainly re-
ducing the amplitude of high-frequency components in the Fourier domain. The shot
noise results in a measurement error in the Fourier phases and amplitudes. As there is
no non-statistical way to separate the science signal from the random shot noise, image
restoration processes must be executed on the total signal. Due to the linearity of the
deconvolution operation (Equation 1.3.1) and the additive nature of science signal and
noise (Equation 1.4.1), this operation must amplify noise and science signal alike (Equa-
tion 1.3.3). In its pure mathematical form it can therefore not alter the SNR.

However, image reconstruction is not simply a mathematical manipulation of random
data. Its goal is to reverse systematic degradations introduced by optical effects. For ex-
ample, an isolated point source appears spread out in the recorded data due to atmospheric
seeing and instrumental diffraction. In the process of reconstruction, we aim to gather this
distributed signal back into its original location. For this we make use of the fact that the
true signal is systematically spread across multiple pixels by the optical system, while
random noise is distributed, well, randomly. When deconvolving the data we effectively
recombine the signal into its correct pixel(s), but the noise from the surrounding pixels is
also accumulated. Importantly, because noise is random and not systematically aligned
with the signal, its contributions tend to partially cancel each other out when summed.
Thus, the contribution of random noise to the final reconstructed signal is less significant
than the contribution of the signal itself. As a result, depending on the shape and extend of
a PSF, the signal-to-noise ratio (SNR) in each re-accumulated pixel improves by up to the
square root of the PSFs area. In reality, we need to consider the shape of the PSF, which
is never a perfect box. Hence, the improvement in SNR is much less than this upper limit.

In case of image reconstruction of extended objects the situation becomes more com-
plex: Here, we have multiple overlaying contributions from a continuously extending
source. In this case the re-accumulation will always contain signal from several features
and this "contamination" effectively cancels the benefits we have found in the case of the
isolated point source. Since deconvolution does not amplify the SNR, image reconstruc-
tion highly depends on the quality of the input frames. The more compact the effective
PSF is, the more signal stands out of the noise, which results in better starting conditions.
This nicely illustrates that it is highly desirable to tune the telescope and instrument op-
tics for maximum transmission and minimal degradation and to use an AO system. The
smaller the spatial scale of a feature, the higher its Fourier frequency. Naturally, the large
scale (low-frequency) structures are less affected by a compact PSF. Even though we re-
store all frequencies, we need to understand solar image reconstruction as an operation
explicitly aimed to restore the amplitude of high-frequency components in the Fourier
domain, while preserving the SNR.

In Fourier space, diffraction at the edge of a telescope aperture causes a gradual but
monotonic reduction in the amplitudes with increasing frequency. At the maximum fre-
quency that the telescope can transmit, the theoretical diffraction limit, all image signal
must vanish completely. Increasing the aperture increases the diffraction limit, because
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1.4 The problem with signal and noise

the bigger the telescope’s aperture the weaker the amplitude reduction across all frequen-
cies. Unlike these optical effects, shot noise maintains a constant power density, unaf-
fected by frequency. This creates a resolution limit where noise amplitudes surpass signal
amplitudes. The goal of image reconstruction is to shift this resolution limit towards the
diffraction limit. Since the SNR is not altered by the deconvolution of extended objects,
the question, how the SNR is ultimately amplified, is non trivial. The two main mecha-
nisms for this are filtering and precise feature averaging.

The idea of the filtering is not to amplify frequencies beyond the diffraction limit. The
Rayleigh criterion describes the practical diffraction limit as the radius of the first dark
ring in the Airy pattern (see Figure 1.6) of the ideal telescope (Schroeder 2000). This can
be computed as

α = 1.22 ·
λ

D
, (1.4.2)

where α denotes the angular radius, λ the wavelength, and D the diameter of the aperture.
This formula translates the diffraction limit from apertures size to angular resolution, and
therefore to the pixel scale of our detectors. Using a discrete Fourier transform we can
determine the frequency beyond which there can only be noise and we can effectively filter
it during the restoration process and prevent this part of the noise to be amplified. Both
restoration methods discussed in this thesis, MOMFBD and the spectral image restoration,
employ such filters (see, Van Noort et al. (2005), Van Noort (2017), and Chapter 3).

Accumulating multiple raw frames will only smear out the signal further, as the signal
peak is usually located at different pixel positions, due to erratic image movement (the
so called tip and tilt components). The easiest way to mitigate this is a global cross-
correlation of the raw frames prior to accumulation, since a correlated accumulation will
bring the noise down by a factor of up to

√
N, where N ∈ N denotes the number of frames

accumulated. However, especially the seeing induced distortion effects different parts
of the image differently and a global correlation will not account for those local effects.
Image restoration includes the local removal of the tip and tilt displacements and also
the minimization of local random image distortions, where here local refers to the patch
size. The accumulation of restored frames hence truly adds the signal from same sources
and avoids further signal smearing. As reconstruction depends on the input SNR, not all
frames can be restored to the same quality. In MOMFBD the noisiest frames are added
with a very low weight, to suppress the noise even further (see, Van Noort et al. (2005)
and Chapter 3).

In conclusion, although deconvolution increases signal and noise alike, the use of
filtering and coherent accumulation enhances the SNR also in the case of image recon-
struction of extended objects. This becomes fully visible in the case of image restoration
of solar spectra (See Figure 4.9 and Figure 16 in van Noort and Doerr (2022)).

Unfortunately, the increased absolute noise level remains problematic for interpreta-
tion of image reconstructed spectroscopic data based on Stokes inversion. As discussed,
during the Stokes inversion process a synthetic noise-free signal is contrasted with the
noise contaminated observation and the metric to deduce the quality of the fit is a χ2-
based merit function. Because of the enhanced SNR in the restored data, the detection
of true positive signals is improved. As desired, this is especially the case for signals
corresponding to small scale features. But in regions where there is no relevant signal
the amplified absolute noise allows to fit a wide range of possible synthetic signals with a
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similar fit quality (see, Chapter 5). This effect is the strongest in the magnetic parameters,
as they depend mostly on Stokes Q, U, and V . Since temperature and velocities mainly
depend on Stokes I, where there is always relevant signal from the solar line, the effect
on those parameters is much weaker (van Noort 2012, Danilovic et al. 2016). However,
due to the coupled influence of the atmospheric parameters on the Stokes profiles (See
Section 5.2), all parameters are affected. van Noort (2012) established that 10−2 noise
can have a relevant negative effect on the deduced atmospheric parameters. Currently es-
tablished practical noise values for unrestored spectro-polarimetric data are ranging from
10−3 to 10−5 of the continuum intensity (See for instance van Noort 2012, Iglesias et al.
2016). After the application of spectral image reconstruction, the absolute noise num-
ber of diffraction limited spectro-polarimetric observations typically resides in the 10−2

regime (See for instance van Noort and Doerr 2022, and Chapter 4 of this thesis).

1.5 Goal and structure of this thesis

We can summarize the above as follows:

1. We must resolve the Sun at the smallest scales possible to understand local and
global processes in our host star.

2. Large aperture telescopes are now available. But without image reconstruction we
do not exploit their full potential.

3. Image reconstruction amplifies signal and SNR but also the absolute noise level.

4. High absolute noise in spectro-polarimetric data can be problematic for our inver-
sion codes as it degrades an already not particularly well posed problem even fur-
ther.

Points (1) and (2) demand for image reconstruction of solar spectra while (3) and (4) raise
questions on the reliability of the deduced atmospheric configuration. This is the dilemma
to be tackled in this thesis. The herein proposed solution is to utilize the combined signal
from many spectral lines in a process termed solar many-line inversion (Riethmüller and
Solanki 2019). A process that is well known in the analysis of stellar spectral profiles
(Donati et al. 1997) and highly integrated solar spectral profiles (see, for instance, Stenflo
et al. 1983, Solanki and Stenflo 1984, 1985, Allende Prieto et al. 1998, Borrero and Bellot
Rubio 2002), but new to spatially highly resolved solar spectro-polarimetric observations.

The high resolution spectro-polarimetric observation of the Sun inherently requires
multi-dimensional data with spatial, spectral and time dimensions. Technical constraints
such as telescope aperture, detector size and readout time, data rates and storage capac-
ities, as well as available computing power impose practical limits on observations. In
the design of every instrument, compromises between cadence, FOV, and resolution in
all three dimensions (spatial and spectral) must be made. For those reasons, the simulta-
neous high-resolution observation of only a few (usually one or two) spectral lines is the
norm for high spatial resolution spectra. Advancements in detector and computer tech-
nology have relaxed these constraints considerably and the simultaneous observation of
many solar lines is now possible. Consequently, Riethmüller and Solanki (2019) studied
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1.5 Goal and structure of this thesis

the merits of the simultaneous interpretation of many lines on a synthetic observation.
Their encouraging results not only show a better robustness against noise, and hence a
possible way out of this dilemma. On top, they suggest the possibility of a better hight
coverage of the turbulent atmosphere. Today, multiple instruments that deliver many-line
observations are available. The two most noteworthy allow the simultaneous observation
of hundredth of spectral lines and are the Sunrise III UV Spectro-polarimeter and Im-
ager (SUSI, Korpi-Lagg et al. 2025, Feller et al. 2025) and the FISS spectro-polarimeter
(FISS-SP, Chapter 4) and I had the honor to be involved in both of them.

Usually, the way from a novel idea to something actually usable is long. In this thesis
I collect the building blocks to advance the theoretical idea of solar many-line inversion
into a new practical technique.

The first one of those blocks is a new calibration approach. In grating spectroscopy the
recorded spectral lines appear curved on the detector. This spectrographic curvature effect
is an optical distortion, commonly known as line smile (Zhao 2003). For the extraction
of precise atmospheric properties, most notably the Doppler-velocities, this imprint has
to be removed from the data with the highest precision possible. During the process of
spectral image restoration the degradation from the PSF is minimized, and contributions
to a pixel are shifted along the spatial and temporal dimensions. Hence, this process also
heavily depends on the orthogonality of the observed spectra. This effect is wavelength
dependent and due to unavoidable optical imperfections it can vary quite drastically over
the spectral FOV. For traditional instruments with only a few lines in a narrow spectral
regime of interest, a simple tracing of one line and a polynomial fit is usually enough
(Wöhl et al. 2002). For the interpretation of many-lines from a large spectral range, a
new approach was needed. In Chapter 2 I describe and verify the generic software library
"spectroflat" for full field dependent calibration and reduction of spectro-polarimetric
data from slit scanning spectrographs. This work was originally published as Hölken et al.
(2024), updates since then can be found in Appendix A.

The second block is the image reconstruction of solar spectra. The method to recon-
struct an extended 2D FOV from scanned solar spectra utilized here is descried in Van
Noort (2017) and van Noort and Doerr (2022). It is based on the MOMFBD image re-
construction algorithm which is described in Van Noort et al. (2005). Unfortunately, the
theorems and proofs for this algorithm are scattered across multiple research papers and
textbooks. In Chapter 3 all concepts and mathematical utilities needed are provided and
the relevant theorems and proofs are collected from various publications and brought into
a common set of symbols and notations, and therein omitted proofs are given here.

The third block concerns the collection of such diffraction-limited many-line spectro-
polarimetric data. The design, setup, and data reduction for the spectro-polarimetric ex-
tension of the Fast Imaging Solar Spectrograph (FISS, Chae et al. 2013), which is installed
at the 1.6-meter clear aperture Goode Solar Telescope (GST, Goode et al. 2010, Cao et al.
2010b, Goode and Cao 2012) at the Big Bear Solar Observatory (BBSO) in California,
USA, is discussed in Chapter 4. The extended instrument is referred to as FISS-SP. This
text is already submitted as an original paper to A&A and presents the first diffraction-
limited spectro-polarimetric measurements at a large-aperture telescope.

With the data recorded, calibrated, and restored, we can now test the new many-line
inversion idea on real solar observations. Like Riethmüller and Solanki (2019), I used the
SPINOR inversion code (Frutiger 2000, Frutiger et al. 2000) to do so. Unfortunately, just
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inverting spatially resolved data with all the lines that are somewhat known and can be
reproduced in an average quiet-Sun spectrum, did not bring the expected improvement in
terms of coherency, physicality and height coverage. It was expected that uncertainties in
line parameters and blend configurations would average out, but I found that some "bad
apples" can spoil the results. Hence, a deliberate selection process of lines and line blends
was required. When analyzing stellar spectra Bigot and Thévenin (2006) and Heiter et al.
(2021) where confronted with similar challenges. They compiled lists of "well-behaved"
lines, but since these lists focus on non-blended lines in stellar spectra they are much too
sparse for the solar dataset analysed here. The development and verification of a selection
method for solar data is described in Chapter 5, and the details of the selected lines are
provided in Appendix C. This text is also already submitted as an original paper to A&A.

In Chapter 6, I analyse FISS-SP scans inverted with this new many-line technique.
Here, I describe features of the solar atmosphere near a pore that can now, with the spatial
resolution of 0.068" and combining the information from 85 solar absorption lines, be
successfully resolved and interpreted. I revisit former high resolution broad band obser-
vations and spectro-polarimetric observations with lower resolution. The comparison of
the inverted observations with a high-resolution MURaM-simulation allows me to present
the first analysis of the 3D fine-structure of small-scale striations and moving bright grains
in the vicinity of a pore to describe their magneto-convective nature. This text is a paper
draft which is targeted for timely submission.

Chapter 7 offers a summarizing conclusion of the main findings and possibilities to
followup and extend on this work. Two appendices are noteworthy: In the aforementioned
Appendix C, the atomic line parameters used for this work are presented in a tabular form,
Appendix D lists the most important notations and acronyms used throughout this thesis.

All analyses were done in Python. Extensive use was made of numpy11, scipy12, and
astropy13 for the data analysis, anaio14 for accessing rice compressed ANA *.f0 files,
and matplotlib15 to create the plots.

11https://numpy.org/
12https://scipy.org/
13https://www.astropy.org/
14https://pypi.org/project/anaio/
15https://matplotlib.org/
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2 Data reduction

The contents of this section correspond to the published article "Spectroflat: A generic
spectrum and flat-field calibration library for spectro-polarimetric data" (J. Hölken,
H. P. Doerr, A. Feller, and F. A. Iglesias: 2024, A&A 687, A22, Hölken et al. (2024)).
I wrote, documented, tested, and evaluated the software, ran the inversions, performed
the analysis, created all figures, and wrote the majority of the text.

Abstract

Context. Flat-fielding spectro-polarimetric data with one spatial and one spectral dimension is inherently
difficult as the imprint of the spectral lines needs to be separated from other wavelength-dependent instru-
mental effects (e.g., fringes or prefilter profiles) and wavelength-independent effects (e.g., dust and sensor
response). Current approaches for spectrometers are often based on moving the grating or they depend
on optical models and/or on lab calibration data. They are also limited to small spectral regions and are
instrument-specific. Approaches that would be suitable for polarimeters have not been reported yet.

Aims. We present an approach that allows for flat-field calibration data to be to obtained for diffraction-
grating-based, long-slit spectrographs combined with temporally modulated polarimetry from high-resolution
solar telescopes. This approach is based on nominal flat-fielding procedures performed during the instru-
ment’s science operations.

Method. We performed a precise and field-dependent correction of the spectrographic distortion effect
(resulting in curved spectral lines, typically denoted as a "smile" effect) to ensure the orthogonality of the
spectral and spatial dimensions. We identified distortions by tracking the position of multiple spectral lines
within the full spectral field of view. From the raw modulated flats, we then removed the solar line imprints
and derived separate flat-fields for sensor and slit dust features. Optionally, wavelength calibration and
continuum correction can be included in this process.

Results. We have created generic Python libraries that can be plugged into existing Python-based data
reduction pipelines or used as a standalone calibration tool. We show that for spectrographs covering many
spectral lines, a correction of the smile distortion based on optical models alone is not sufficient. Our results
demonstrate a suppression of fringes, sensor artifacts, and fixed-pattern imprints in demodulated data by one
order of magnitude. For intensity images, the photon noise level can be closely attained after calibration.
Our correction works across the full spectral range. The algorithm was tested for different wavelength
regimes with emission (EUV range) or absorption (near-UV, VIS, IR range) spectra, on data acquired with
ground-based (SST/TRIPPLE-SP, GREGOR/GRIS), balloon-borne (SUNRISE-III/SUSI), and space-based
(SolO/SPICE) instruments. The data calibrated with our method offer robust and precise inversion results.

Conclusion. We have extended existing spectroscopic flat-field techniques to modern instruments with large
imaging sensors covering many spectral lines simultaneously, and with polarimetric capabilities, where
methods described so far are not adequate. We believe that our method is applicable as a standard calibra-
tion approach for most modern high resolution large-FOV, long-slit spectrographs – both with and without
polarimetric capabilities.
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2 Data reduction

2.1 Introduction

The flat-field calibration process characterizes and corrects images for the non-homo-
geneous response of imaging sensors, such as those based on charge-coupled devices
(CCD) and complementary metal-oxide-semiconductor (CMOS) detectors, across their
light-sensitive area. The flat-field also typically includes the contribution of the optical
components in the beam path, from the main telescope mirror to the imaging detector. In
order to obtain images closer to the real object, all recorded data must be corrected for the
effects accounted for by the flat-field (e.g., dust specs, vignetting, fringes, etc). The qual-
ity of this calibration process strongly influences the scientific utility of the observational
data. Flat-field calibration is thus compulsory for any kind of astronomical observation
and it affects ground-, balloon- and space-based observations alike. This paper consid-
ers the specific difficulties inherent in flat-fielding solar spectrographs (producing images
with one spectral and one spatial dimension) combined with polarimetry. As the accumu-
lation of dust particles is a recurrent process and the stability of other flat-field features
depends strongly on the structural stability and configuration of the telescope and post-
focus instrument, flat-field data are to be obtained close in time before and/or after the
observation. In practice, multiple flat-fields are recorded during an observation day (See
e.g., Chae et al. 2013, Kotrč et al. 2016, Wang et al. 2019, Song et al. 2022).

Lab flats, which are generated using controlled setups based on artificial light sources,
typically cannot be obtained close in time with respect to the scientific data acquisition.
They also tend not to represent the solar observations with sufficient accuracy (e.g., in
terms of beam geometry, light level, or temperature distribution inside the instrument).
Indeed, the calibration source that is closest to the scientific observing conditions is the
Sun itself. As the Sun is neither spectrally nor spatially uniform, we need methods to
remove solar imprints in both dimensions from the calibration data.

Typically, an imaging flat-field is retrieved from an extended, non-uniform source by
shifting the image on the sensor and using the mean of multiple such displaced images
(Tyson 1986). Other methods, such as proposed by Kuhn et al. (1991), derive the flat-field
from a small series of displaced images via a least-squares estimate. Most commonly,
the spatial uniformity is enforced by moving the telescope in a random-walk manner or
following a (rotating) ellipsis or Lissajous-pattern in a quiet Sun region near disk center,
while constantly collecting and averaging frames (Denker et al. 1999). For spectrographic
observations this approach alone is not sufficient, since the solar line features will not be
displaced enough on the spectrograph sensor by pointing the telescope to a slightly dif-
ferent location; at the same time, the telluric lines will not be displaced at all. Although
averaging spectral images (collected along a path around the solar disk center) does pro-
duce uniform quiet-Sun-like line profiles, they still need to be removed in order to obtain
the desired flat calibration data.

Current flat-fielding procedures for diffraction-grating-based, long-slit1 spectrographs
often include moving the grating (either to a nearby continuum section or constantly back
and forth to displace line imprints), defocussing the image, and/or ignoring vignetting
and other spectral features alltogether (Examples in Keller et al. 2003, Chae et al. 2013,

1By long-slit we refer to a slit in the typical field of view at a high resolution solar telescope, which is
up to 70 arcseconds at the time of writing.
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Wülser et al. 2018). Jones (2003) and Wang et al. (2019) pointed out that for spectro-
scopic observations, any change to the instrument configuration modifies the imaging of
optical impurities by either shifting them or changing their imprints amplitude and/or
shape on the sensor. Furthermore, Jones (2003) demonstrated that such configuration
changes modify the fringe patterns as well.

Spectroscopic data are inherently affected by an optical distortion, which causes the
spectral lines to appear bent on the detector, commonly known as line smile (Zhao 2003).
The smile distortion has to be corrected before the desired flat-field information can
be successfully extracted. Typical spectrographic requirements for a maximum resid-
ual smile distortion range between 10 % and 20 % of a pixel size (Kaiser et al. 2008,
Reimers et al. 2015). The smile correction is currently done in various ways. One method
estimates the expected curvature function using an optical model and use it to correct the
data, as described in Qiu et al. (2022), for instance. Another method adjusts the optical
design to meet the aforementioned requirements on residual smile distortion without any
postcorrection (Wei et al. 2016). However, this is not always possible or desirable, as
the additional lenses or mirrors required may lead to higher instrumental complexity and
losses in efficiency and/or imaging quality. Techniques to determine the smile curvature
from flat-field measurements exist; for instance fitting a low-order polynomial to the de-
tected line core positions of a single line (See for instance Bommier and Rayrole 2002,
Wöhl et al. 2002, Chae et al. 2013). Cai et al. (2017) first presented an approach to extract
the smile characteristic from multiple lines. They used the median of all telluric lines in
the wavelength window to correct the full frame. This makes their approach more precise
than previous methods with a single line smile characteristic, but it does not allow for a
differential smile correction of the full field of view (FOV). Further, several scientifically
interesting spectral regions without any telluric lines exist. Data from space based or bal-
loon borne instruments do also not show telluric lines for obvious reasons. Moreover, the
spectrographic curvature effect can vary quite drastically for large spectral FOVs (see e.g.,
Section 2.2.2), limiting the applicability of these smile correction methods to instruments
that cover only narrow spectral regions of a few Ångstroms.

In the case where the mean images can be considered spatially uniform and "free from
smile", other approaches for removing spectral lines and producing a flat-field exist: Jones
(2003) removed the line imprints in the image by dividing the 1D spatial information for
each spectral point by a least-squares fit to this spectral point along the spatial dimension
(parallel to the slit). A more common approach is the mean profile method (see Bommier
and Rayrole 2002, Wöhl et al. 2002), where every spectral profile of the frame (i.e., a cut
perpendicular to the spatial dimension for a given spatial resolution element) is divided
by the spatially averaged spectral profile.

In the case of spectropolarimetric data calibration, the correction of both spatial flat-
field effects and smile becomes even more challenging. This is because high-precision
polarimetry requires the detection of small differential signals and, thus, differential dis-
tortion effects between modulation states may have a significant influence on the resulting
Stokes parameters. For high-precision polarimetry with accuracy requirements of 0.1%
or less in the measured degree of polarization, the requirements for the maximum dif-
ferential smile distortion after correction is at the level of a few percent of a pixel only
(comparable to effects and scales of seeing introduced cross-talk; e.g., Judge et al. (2004)
and Iglesias et al. (2016)). Also, inversion codes are sensitive to flat-fielding effects and
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especially fixed pattern noise after demodulation (see, e.g., Bellot Rubio and Collados
2003, Longcope and Parnell 2009) therefore, they are heavily dependdentt on properly
calibrated data. Until now, to the best of our knowledge, no detailed procedure for spec-
tropolarimetric data has been published so far.

With the availability of modern large-size detectors, instruments that allow the ob-
servation of wide spectral windows - covering several nanometers and therefore register-
ing tens to hundreds of spectral lines simultaneously - have become more relevant and
widespread. Riethmüller and Solanki (2019) investigated the spectropolarimetric Stokes
inversions used in remote sensing of the Solar atmosphere. They compare the perfor-
mance of the traditional approach of inverting only a few spectral lines registered in mul-
tiple wavelength regimes to the joint inversion of many lines covering a wide spectral
range and observed simultaneously. They found more accurate inversion results and an
extended height coverage in the "many lines" case. On the other hand, the successful ap-
plication of numerical methods used to restore images subject to variable instrumental or
ambient optical aberrations, such as the spectral restoration technique developed by Van
Noort (2017), also require an accurate smile correction over large (spectral) FOVs.

In this work, we introduce a novel algorithm, spectroflat, and we provide a pub-
licly available generic library for the high-precision calibration of spectro-polarimetic
observation data. Our technique accounts for detection and correction of the smile dis-
tortion over larger spectral FOVs and generates flat-field images in an automated manner
from calibration data captured close in time to the observation and in the operational in-
strument configuration. The rest of the paper is organized as follows. Section 2 explains
the method in depth, including notation, input data requirements, smile correction, and
the extraction of multiple flat-field images. It also summarizes the optimal data reduction
approach with calibration data obtained through spectroflat. Section 3 validates the al-
gorithm using solar data from four instruments including the infrared (IR), visible (VIS),
and near- (NUV) and extreme-ultra violet (EUV) spectral regimes. These instruments
are: (1) the spectro-polarimetric extension of the TRI-Port Polarimetric Echelle-Littrow
(TRIPPEL) spectrograph (Kiselman et al. 2011) attached to the Swedish Solar Telescope
(SST/TRIPPLE-SP)2; (2) the GREGOR Infrared Spectrograph (GREGOR/GRIS) (Colla-
dos et al. 2012) installed at the Observatorio del Teide, Tenerife; (3) the Sunrise Ultra-
violet Spectropolarimeter and Imager (SUNRISE-III/SUSI) (Feller et al. 2020). We note
that an overview of the SUNRISE I+II missions can be found in Solanki et al. (2010,
2017), while a description of the SUNRISE-III mission is in preparation3; (4) the Spectral
Imaging of the Coronal Environment instrument on board of Solar Orbiter (SolO/SPICE)
(SPICE Consortium et al. 2020). In Section 4 we summarize our main conclusions.

2Unfortunately, this prototype is not yet fully described. Some details of the extension are given in
Saranathan et al. (2021), Section 6.

3Author’s note: This article was published in 2024, prior the second flight of SUNRISE-III. In the
meantime the SUNRISE-III mission and instrumentation overview is published as Korpi-Lagg et al. (2025).
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2.2 Method

The input data is assumed to be previously calibrated for the camera zero-input response
(dark current and bias level) and non-linearity. Furthermore, we assumed the individual
frames to be already sorted with regard to their modulation state (if any) and combined
into mean images for each modulation state. The targeted flatness, for instance, in terms
of the root-mean-square (RMS) variation of the mean flat-field frame, largely depends on
the science case and targeted sensitivity. Let us define the spectro-polarimetric input data
cube as having dimensions of s × y × λ, where the symbols denote the modulation state,
spatial location along the spectrograph slit, and wavelength, respectively. We refer to the
individual mean modulation state data (y×λ) in such a cube as state images, the following
method is applicable to every state image independently. The result of this approach are
flat-field matrices for each modulation state. We denoted this set of flat-fields as a "modu-
lated flat". Intensity-only spectrographic data is treated as data with only one modulation
state, i.e. a cube with s-dimension equal to one. In addition, we assume the spectral
dimension is extending along to the imaging sensor rows (x-axis) and the spatial dimen-
sion extends along the sensor columns (y-axis). Therefore, we refer to individual spectra
simply as rows. Since transposing a matrix is a numerically conservative operation, this
requirement is purely formal.

The image rotation with respect to the sensors x-axis is best measured with dedicated
data from a suitable calibration target. If no distortion effects are apparent the measured
rotation can be given as a configuration value, and will then be corrected by the library.
Higher level distortions (e.g., keystone) are out of the scope of the current implementation
and need to be corrected before feeding the data to spectroflat. The deviation along
the y-axis is removed by the smile correction. We call the shift of a pixel in the spectral
direction with respect to its reference position (i.e., its deviation from a parallel line to the
y-axis), its offset.

Overall, spectroflat is capable of correcting the full FOV of the input or only a re-
gion of interest (ROI). As the functionality is the same in both cases, we can assume and
showcase full FOV correction. The implementation makes heavy use of concurrent pro-
cessing. Computing time depends on the number of cores and amount of RAM available
but is typically in the order of minutes. spectroflat follows the basic idea of estimating
separate flat-fields for different fixed pattern imprints sources, for instance, the sensor, slit,
and illumination field, as presented by Wöhl et al. (2002). However, our smile detection
is done for the full FOV and we extended the idea to also extract the flat-fields for each
modulation state individually. Further, the flat-fields themselves are extracted using new
algorithms.

2.2.1 Preparation
The first step is an adhoc removal of the dust imprints and any other spatial variation from
the state images to increase the quality of the smile correction. The corrected image is
obtained by fitting a high order (default 13) polynomial to the pixel values of each image
column (compare Jones 2003). If the sensor presents a column to column variation, for
instance, due to conversion gain, the algorithm can be configured to remove this from the
corrected image. In this case, the average column to column variation of all columns is
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Figure 2.1: TRIPPEL-SP input state image of the first modulation state is shown in panel
(a). Panel (b) shows the corresponding ad-hoc corrected image. Both color bars denote
relative intensities in ADUs.

used to adjust the gains in all columns multiplicatively. If such a component exists, it has
to be taken out in this step since (a) the stripy pattern might interfere with the line core
detection of the smile detection (see below) and (b) after smile correction and rotation
this pattern will not be parallel to the image y-axis anymore and removal would become
unnecessarily complex. An example of the results of this procedure is shown on the right
hand side of Figure 2.1. The example flat-field data is taken from the 2017 TRIPPEL-SP
campaign on the Swedish Solar Telescope (SST).

2.2.2 Desmiling
The smile detection algorithm is executed on the corrected state images obtained in the
preparation step. Where dust imprints and column to column sensor effects are temporar-
ily removed. As correction reference, the mean spectrum of the central five rows is used
to further reduce the influence of noise and row to row variations. From this 1D reference
spectrum (R), a set of spectral lines is selected automatically based on configuration values
(relative line depth, distance between line centers). For each selected line, a Lorentzian
is fitted to detect the line center with sub-pixel resolution. For each row, the same set of
lines is selected and their corresponding sub-pixel center positions are detected using the
same fit routine.

The relative displacement between line centers of a given row (C) and the reference
spectrum (R), is determined by fitting several polynomials (p, of degrees two to a con-
figurable maximum) to the detected differences in the line center positions. For each fit
polynomial, the new position of each pixel is obtained using a cubic spline (CS) inter-
polation, resulting in a smile-corrected row spectrum (C̃p). In a brute force approach
the polynomials and corrected spectra are computed for each polynomial-degree in the
configured range. The polynomial that minimizes the error function,

E(p) :=
∑

x

E(p, x) :=
∑

x

(
C̃p(x) − R(x)

)2

C̃p(x)2
, (2.2.1)

is selected. The offsets of the individual pixels in spectral direction are computed using
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Figure 2.2: Offset map profiles shown in panel (a) for the colored rows indicated in panel
(b). Map of detected offsets in panel (b). Color indicates the amount of shifting needed
in units of pixels for each pixel along the x-axis to remove the smile distortion. Panel
(c) shows a map of the pixel-wise error E(pmin, x), and panel (d) the result of the error
function as of Equation 2.2.1 for the selected polynomials.
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Figure 2.3: Intensity profile of differ-
ent rows around the 5250.6 Å spec-
tral line. The prepared input data is
shown in the upper panel, while the
lower shows the intensity profiles af-
ter correcting the smile distortion.

the selected polynomial. This is done for every image row individually.
After the offsets of all rows have been detected, an offset and an error map are gener-

ated. After all modulation states have been processed, the default behavior is to average
the individual offset maps and use the mean map to correct all modulation states, in order
to avoid differential polarization artifacts.4 To correct the smile distortion of any appli-
cable frame, each row is CS-interpolated according to the detected offsets. Figure 2.2
shows the global offset and error maps corresponding to Figure 2.1. The cuts in panel (a)
demonstrate that a global smile curvature determined from a model or a single line is not
enough for instruments targeting multiple spectral lines. Panel (c) shows the pixel-wise
error values E(pmin, x) for the selected polynomial. Figure 2.3 shows spectral profiles of
the image around the Fe i, 5250.6 Å line. In the lower panel, the line centers are shifted
and differ by less than 10 % of a pixel.

4It is possible to extract an offset map per modulation state. As none of our datasets suffer from mod-
ulation state-dependent smile effects introduced by the modulation package, we have not been able to test
this mode rigorously until now. Simple simulations show that it might be possible to mitigate differen-
tial artifacts in some cases, but testing is incomplete at time of writing. We therefore mark this mode as
experimental.
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Figure 2.4: TRIPPLE-SP Dust-flat (a), separated slit flat with the horizontal slit features
(b) and separated sensor flat (c). All color bars show normalized values. Range in all
plots adjusted to increase visibility of features.

For all the instruments analyzed in this work, unless the instrument configuration does
not change, the resulting smile distortion pattern is stable over time. It can therefore be
applied to frames that are already temporally averaged, for instance, in the slit scanning
direction. Not correcting the individual frames saves computation time during data reduc-
tion.

2.2.3 Sensor and slit flats

For preparation (see Section 2.2.1), we used an ad-hoc correction to remove dust from
the image in order to improve the smile detection. However, this is an imprecise method
to extract the dust imprints from the flat images. To create a precise flat-field matrix, a
1D spectrum can be generated by averaging all rows of the smile-corrected image. This
1D spectrum is then repeated in spatial dimension to create another artificial image. This
artificial image is then "re-smiled", namely, shifted according to the offset map to re-
introduce smile. The original input image is divided by it to retrieve what we call a dust-
flat. Optionally, this process can be repeated multiple times. A good metric to determine
how many iterations are needed is to stop when the difference between consecutive dust-
flats is small. We have achieved relative differences with a standard deviation in the
10−4-range after three to four iterations.

A slit flat is generated from the dust-flat. For this, all columns are averaged to a 1D
spatial representation, removing all features that vary in the spectral dimension. This
column is again repeated to the full image dimensions to create the slit flat. Subtracting
the slit-flat from the dust-flat yields the sensor flat. Figure 2.4 shows the final dust-flat
and the separated sensor and slit flats of the example in Figure 2.1. The separation of the
slit flat from the sensor flat allows us to track and correct "drifting" slit features (e.g., due
to changes in instrument temperature and/or mechanical configuration) independently of
the dust imprints on the sensor in the science data. Furthermore, it can work vice versa to
remove slit features independent of changing features in the sensor flat, such as moving
dust grains. Since the slit and sensor dust flat(s) are extracted from the input flat images
without smile correction they can also be applied to science frames without the need of
desmiling and interpolation.
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Figure 2.5: Steps of the illumination field extraction: a) Desmiled input image, b) illu-
mination field, i.e., the desmiled input image after removing the spectral lines, showing
vertical line residuals and c) clean illumination field after reducing the line residuals.
Note: panels b) and c) have different color scales to improve the visibility of the residu-
als.

2.2.4 Illumination field
The illumination field represents the smooth low order intensity variation. With spectro-
flat, this information is mainly included in the dust flat. Accordingly, the variation of
the final spectroflat illumination fields are always in the 10−6 range. Therefore, we did
not apply these. However, we kept this step for compatibility with the Wöhl et al. (2002)
approach, and for border cases where it might be needed.

From the dust-flat-corrected and desmiled input image, we then removed the line im-
prints using the standard mean profile method. We found it common to be left with some
undesired, sharp line residuals due to spatial gradients within the lines. Similarly to Wöhl
et al. (2002), we removed them by smoothing. This was done by first linearly interpolat-
ing over these residuals in spectral direction and then applying a Gaussian filter to the full
frame. The result is an illumination field on the sensor. Figure 2.5 shows the corrected
input image corresponding to Figure 2.1, before and after line removal, and after residuals
cleaning. The time stability of the illumination field is comparable to the stability of the
smile-distortion pattern, thus, it can also be applied to science frames that have already
been temporally averaged.

2.2.5 Wavelength calibration & continuum correction
As an optional step, the detected smile offsets can be amended by a wavelength cali-
bration. The desmiling and the wavelength calibration of the science data can then be
performed in a single interpolation step.

The input data can be calibrated using several solar atlases. The Hamburg Fourier
transform spectrograph (FTS) atlas (see Neckel 1999) and the the Second Solar Spectrum
(SS2) atlas of Stenflo, J.O. and Gandorfer, A. (2014) are currently supported. Other
atlases can be provided as a plug-in to the atlas-fit routine, for instance, to support
other spectral regimes. First, a spectral re-sampling and convolution with a Gaussian of
the atlas is carried out to match the input data sampling and resolution. Then, the sub-
pixel spectral difference between the line centers in the data and the atlas is fitted using
the same procedure described in Section 2.2.2. The resulting additional offset information
is added to the previously generated smile offset map.
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Figure 2.6: Spectral and continuum calibration using the FTS quiet-Sun, disk-center atlas
from Neckel (1999). The top panel shows the uncorrected and corrected spectrum, the
used continuum correction curve, the atlas reference continuum level and the atlas (see
legend). The middel panel presents the difference between the atlas and the calibrated
data in units of the above panel. The lowest panel shows the fitted dispersion offset in
pixels.

If the selected atlas provides information on the continuum intensity, the continuum
calibration of the data is done as follows (see Figure 2.6): First, the difference between
the maximum intensity and the continuum value specified in the reference atlas is esti-
mated. For this, the atlas spectrum is divided into a configurable number of equidistant
sections and the maximum point in every section is selected. Next, a high-order polyno-
mial (configurable, default: 14, should never exceed the number of sections) is fitted to
the selected maximum points. Outliers of the maximum points are filtered out if they dif-
fer more than 20 % of the fitted polynomial. Then, we fit a fifth-order spline through the
remaining maximum points. Finally, the difference between the spline interpolation and
the reference continuum is computed and used as reference spectral continuum variation.

In a second step, for each individual row in the input data spectrum, the same approach
specified above is used to find a spline interpolation of the measured continuum intensity
profile. The computed reference continuum variation is added to the solution found for
the input data spectrum. The correction of the solution with the reference continuum
variation from the atlas prevents the overcorrecting of strong and blended lines. The
resulting continuum correction solution is a 2D map and can be used in addition to or
instead of the spectroflat illumination field. As for other flat-fields, the correction is
multiplicative and normalized to one.

To allow for better fits of the wavelength solution and the continuum correction, the
algorithm performs a least-squares fit of the effective full width half maximum (FWHM)
and the gray stray light component of the Atlas to the data. Lines of known variable depth
(i.e., telluric lines) can be masked out for this purpose. As a first order approximation
the spectrographic PSF can be assumed to be a global Gaussian. Hence, we convoluted
the Atlas with a Gaussian function with FWHM equal to the differential FWHM between
instrument and atlas. The atlas FWHM is assumed to be known, while the data FWHM
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is a free parameter. The other free parameter in the fit is the intensity offset introduced by
a stray-light component (Martinez Pillet 1992). Figure 2.6 shows an example calibration
result for the TRIPPLE-SP flat-field dataset.

2.2.6 Data reduction process
Once all calibration data is obtained using the spectroflat algorithm the reduction of
a batch of science frames {Ft}t∈T is usually carried out according to the method described
below. To describe the integration into a full calibration workflow, we also include steps
with calibration data obtained via other methods that are not within the scope of this
work. For instance, non-linearity (NL) correction, tracking moving dust parts on the slit
and sensor, and obtaining demodulation matrices from polarimetric calibration.

1. Apply NL and zero-point correction (e.g. dark field) to each individual frame:

F′t := DF(Ft) (2.2.2)

2. Apply spectroflat dust flats. Identify t with a modulation state, and select the
corresponding modulated flat for each frame. If needed shift slit and sensor flat for
each frame such that it matches the dust patterns best:

F′′t := FFdust(F′t ) =
F′t

FFslit · FFsensor
(2.2.3)

3. Sort data by modulation state s and bin N frames per state in temporal (i.e., scan-
ning) direction:

Fs,∆t :=
1
N

∑
s(t)

F′′t (2.2.4)

4. Apply spectroflat smile distortion correction to averaged frames:

F(1)
s,∆t := desmile(Fs,∆t) (2.2.5)

5. Optionally, apply the spectroflat illumination field:

F(2)
s,∆t := FFillum(F(1)

s,∆t) =
F(1)

s,∆t

FFillum
(2.2.6)

6. Optionally, apply the atlas-fit continuum correction matrix:

F(3)
s,∆t := FFcont(F

(i)
s,∆t) =

F(i)
s,∆t

FFcont
, i ∈ {1, 2} (2.2.7)

7. Optionally, apply the spectral image reconstruction (see Van Noort 2017):

F(4)
s,∆t := Specrestore(F(i)

s,∆t), i ∈ {1, 2, 3} (2.2.8)
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8. For the polarimeters: demodulate using the demodulation matrix Mdemod, to obtain
Stokes images S := {I,Q,U,V}:

S (i) := D(F(i)) := Mdemod · F(i), i ∈ {1, 2, 3, 4} (2.2.9)

where F := {Fs,∆t}s∈{1,...,n} and n is the number of modulation states.

If the illumination field and continuum correction are both applied, they can be combined
into a single "soft flat" matrix which will reduce steps (5) and (6) to a single operation.
Since multiplication is numerically less expensive than division, it is advised to save all
flat-field matrices as gain tables, namely, as 1

FF∗
.

2.3 Results and discussion

The spectroflat algorithm yields flats for sensor and slit dust imprints for each polari-
metric modulation state. It has been tested with data from several long-slit spectrographs
combined with temporally modulated polarimetry installed at high resolution solar tele-
scopes. It further characterizes the smile distortion pattern precisely and provides smile
correction methods for science frames. It is able to do spectral and continuum level cali-
brations by comparing with a reference atlas.

We applied our method to several datasets obtained with the facility instrument GRE-
GOR/GRIS, the SST/TRIPPEL-SP prototype instrument, with SUNRISE-III/SUSI during
pre-flight validation tests, and with SolO/SPICE. The wavelength regimes cover infrared
(IR), visible (VIS), near-ultraviolet (UV) and extreme ultraviolet (EUV) datasets. The IR,
VIS, and UV datasets feature absorption lines, while the EUV presents an emission spec-
trum. The spectroflat algorithm and library are suitable for instruments using CCD
and CMOS sensors alike. The test datasets span cases from pure spectrographic (no po-
larimetric modulation) observations to observations with up to 12 states per polarization
modulation cycle.

The test dataset from SPICE is not a regular flat-field; rather it was constructed from
a quiet Sun raster map with full spectral coverage taken from the SPICE 3.0 data release
(SPICE Consortium et al. 2023)5. It is therefore not sufficiently spatially flat to perform
a full analysis. However, we were able to perform a full smile correction and showcase
the general applicability of the correction approach. Figure 2.7 shows the constructed
pseudo-flat measurement and extracted dust flat. The result of spectroflat smile cor-
rection, compared to level one and two data products of the SPICE pipeline, is shown
in Figure 2.8. In all other datasets, spectroflat produced reliable and stable results,
efficiently removing fixed pattern imprints from the science data, with only minimal con-
figuration adjustments per instrument.

The nominal flat-fielding procedure for GRIS is not suitable for our new approach of
modulated flats. We were able to generate a non-modulated flat-field from the data and
demonstrate the applicability of our method. However, for our new approach of having
an individual flat-field map per modulation state, only a quarter of the 50 frames can be

5The SPICE data from 8 Mar 2022 (ObsID 100663741) are available through the Solar Orbiter Archive
at https://soar.esac.esa.int/soar/
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Figure 2.7: SolO/SPICE L1 test dataset
created from multiple quiet Sun science
observations in the upper panel and ex-
tracted pseudo-flat in the lower one. The
spectroflat algorithm cannot distin-
guish between actual flat-field artifacts and
residual solar structures. Thus, these resid-
ual horizontal structures are regarded as
flat-field effects. The vertical features in
the flat are not line residuals but traces of
the burn-in effect on the sensor.
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Figure 2.8: Comparison of smile correc-
tion on the SolO/SPICE dataset using in-
tensity profiles of different rows. L1 is
without distortion correction and L2 is
with flat and distortion corrections (includ-
ing desmiling) applied. Note: the outstand-
ing smoothness in the spectroflat dataset
is caused by the fact that residual spatial
solar features from the not-a-flat-field test
dataset are regarded as instrumental flat-
field features and thus removed.

used per modulation state. To ensure sufficient spatial and spectral flatness we combined
two subsequent flat-field recordings.

After applying the sensor and slit flats the fixed pattern imprints and the artifacts in
the demodulated data are effectively reduced by up to an order of magnitude. Figure 2.9
shows the spectral profiles of the demodulated flat-field frame from Figure 2.1 before and
after correction. The strong global slopes in the linear polarization states Q/I and U/I are
removed. The residual I to Q/I, U/I and V/I cross talk and V/I to Q/I and U/I cross-talk
around the stronger lines are not tackled by the algorithm presented here and need to be
corrected on a per instrument basis. The sensor used in the TRIPPLE-SP setup features a
strong column-to-column response variation, which is almost completely removed by the
spectroflat algorithm. Such a heavily biased dataset is considered to be a worst case
and its results should be evaluated separately from the rest.

Demodulating the averaged flat-fields allows us to evaluate the polarimetric perfor-
mance of the procedure. In short, no polarization is expected and the resulting Stokes
components should be a flat line at zero with added photon noise. Thus, the smaller the
variation and residual peaks, the better the result. With FF := {FFs}s∈{1,...,n} we denote the
per modulation state averaged flat-field calibration frames, namely, the input image. With
S = {I,Q,U,V}, we denote the demodulated and averaged Stokes science images. To
prepare our data we remove the instrumental polarization background (mean offset from
zero) after demodulation. The demodulation residuals, measured as the mean peak to
peak value computed for several continuum regions (i.e., with no spectral lines present)
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Instrument D(FF′) D(FF(1))
TRIPPLE-SP ⟨I⟩ 25.26 3.52
(SST) Q/I 0.58 0.07

U/I 0.85 0.09
V/I 0.66 0.07

SUSI ⟨I⟩ 27.20 25.01
(SUNRISE-III) Q/I 0.63 0.06

U/I 0.45 0.15
V/I 0.54 0.24

GRIS ⟨I⟩ 49.23 5.22
(GREGOR) Q/I 0.49 0.18

U/I 0.32 0.17
V/I 0.71 0.18

Table 2.1: Residuals in demodulated flat-
field frames per Stokes parameter as mean
peak to valley variation within a continuum
region after dark field correction and after
applying the spectroflat flat-field cor-
rections to the flat-field data themselves.
Reduction symbols as in Section 2.2.6, val-
ues are 10−2.

Instrument D(FF′) D(FF(1))
TRIPPLE-SP Q/I 0.66 0.04
(SST) U/I 0.65 0.03

V/I 0.15 0.02
SUSI Q/I 0.40 0.05
(SUNRISE-III) U/I 0.18 0.04

V/I 0.17 0.09
GRIS Q/I 0.15 0.07
(GREGOR) U/I 0.10 0.05

V/I 0.22 0.08

Table 2.2: Same as Table 2.1 but for RMS
variation of the full central row. Reduc-
tion symbols as in Section 2.2.6, values are
10−2.

before and after applying spectroflat to all datasets are given in Table 2.1. Another
estimation of the residuals is given in Table 2.2, which presents the root-mean-square
(RMS) variation of the full spectral profiles of the central row including absorption line
regions. Both metrics show a reduction of fixed pattern imprints by up to an order of
magnitude.6

For the SUSI dataset the detector conversion gain used is 1.8 DN/e−. Assuming a
Poisson distribution for the photo-electrons generated in the detector, the relative photon
noise can be estimated via

pn(FF) :=


√√

N∑
i=1

Fi

gain


−1

, (2.3.1)

where Fi denotes the flux in individual flat-field frames in units of DN, and N the number
of frames averaged. Comparison with the relative flat-field RMS, given by

RMSrel :=
RMS

Mean intensity
, (2.3.2)

6Note: all results are single beam results and noise might be further reduced by instrument specific
approaches, such as cross-talk correction and dual-beam demodulation.

52



2.3 Results and discussion

0 200 400 600 800 1000 1200 1400
 [px]

0.4

0.6

0.8

1.0

1.2

<I
nt

en
sit

y>

a)
0 200 400 600 800 1000 1200 1400

 [px]

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

<I
nt

en
sit

y>

b)
0.020

0.015

0.010

0.005

0.000

0.005

0.010

0.015

Po
la

riz
at

io
n

0.001

0.000

0.001

0.002

Po
la

riz
at

io
n

I
Q/I
U/I
V/I

Figure 2.9: Spectral profiles of a demodulated TRIPPLE-SP flat-field without (D(FF′)
in panel a) and with (D(FF(1)) and spectroflat applied in panel b). Left axes denote
normalized Stokes I intensity while axes on the right hand side denote the relative polar-
ization signal for Q/I, U/I, and V/I.
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Figure 2.10: Estimated pho-
ton noise versus relative flat-
field RMS for different ROI
sizes of a SUSI flat-field
recording. See text for de-
tails.

yields an estimate on fixed pattern imprints still present after correction. Since there is
basically no line-free continuum region in the SUSI near UV dataset recorded at 412 nm,
we analyzed ROIs with fixed height of 600 px (spatial dimension) and different widths
(1 to 14 px, spectral dimension) in a quasi-continuum section. For a ROI width up to 6
px width (3 600 px total) the relative RMS is on the same scale as the estimated photon
noise. For larger widths weaker spectral line imprints contribute to the RMS measure-
ment. Thus, we conclude that no relevant fixed pattern imprint is left above the noise
level, after correction. Figure 2.10 shows the relative RMS of corrected and uncorrected
data in comparison to the estimated photon noise level.

To highlight the benefits of spectroflat, we compare it with the Wöhl et al. (2002)
method applied to the same dataset. Some implementation details are not specified in
Wöhl et al. (2002); thus, we did our best to select values that produce an optimal correc-
tion. The original algorithm presented by Wöhl et al. (2002) does not account for strong
column to column variations. As noted above, the TRIPPLE-SP data is heavily influenced
by such a column comp pattern. We have therefore added the same pre-correction step as
described in Section 2.2.1 to our implementation of Wöhl et al. (2002) algorithm, to allow
for a fairer comparison. We note that spectroflat treats the modulation states of the
averaged flat-field frames independently, while Wöhl et al. (2002) does work with a single
mean image composed of all modulation states. Moreover, Wöhl et al. (2002) performed
the division by the mean spectrum after smoothing and interpolation. In spectroflat,
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Figure 2.11: Same as Figure 2.2, but for the correction method from Wöhl et al. (2002).
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Figure 2.12: Position of the box to compute the RMS variation (Table 2.3) in one of the
flat-field state images (left panel) and Stokes I of a science frames (right panel). Color
bars give relative intensity in ADUs. The box is chosen such that spectral lines and strong
dust impurities are avoided.

we do not apply any smoothing prior to the extraction of the flat-field information. This
helps avoid residuals that originate from artificially broadened spectral lines.

A key difference between the methods is that spectroflat employs multiple lines
for the smile correction, while Wöhl et al. (2002) uses a single one. In our implementation
of Wöhl et al. (2002), we selected the Fe i line at 5250.6 Å for smile detection, which is
strong and located near image center. Moreover, Wöhl et al. (2002) do not remove dust
imprints prior to the smile detection. This may cause errors in the line center detection.
Figure 2.11 shows the offset and error-maps of the smile correction for Wöhl et al. (2002).
In comparison to Figure 2.2, the multi-line approach of spectroflat shows a better
performance (by two orders of magnitude) in terms of residual error (see Equation 2.2.1).

A widely used metric for flat-field performance is the residual RMS variation in a rel-
atively uniform area of the corrected flat-field frames (see Wöhl et al. 2002, their Table 2).
Table 2.3 shows the RMS as a percent of the mean signal, computed within the rectan-
gular box (as shown in Figure 2.12). This metric translates to the signal-to-noise ratio
(S/N) defined as the mean intensity divided by the RMS in the selected region. On the
flat-fielded TRIPPLE-SP flat images (FFs) this yields values of 14.6 for the uncorrected
data, 69.9 after applying the Wöhl et al. (2002) method and 118.3 after spectroflat
correction. And similarly, comparing spectroflat alone against the full GRIS pipeline, we
get S/N values of 5.7 for the uncorrected data, 94.6 after applying the GRIS pipeline (in-
cluding dual beam recombination), and 92.1 after spectroflat correction (single beam)
for the GREGOR/GRIS dataset recorded in the 10 820 Å window.

54



2.3 Results and discussion

Table 2.3: RMS variation in percent of the mean count in a sub region of TRIPPLE-SP
data chosen such that strong spectral lines and strong dust impurities are avoided.

Method
∑

s FFs/n FFdust FFillum Iscience

Uncorrected 7.17 % - - 10.98 %
Wöhl et al. (2002) 1.04 % 5.32 % 0.27 % 9.89 %
Spectroflat 0.85 % 6.84 % 0.00 % 9.08 %
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Figure 2.13: ROI from a five-second (500 frames) average of quiet Sun Stokes spectra
from the 2017 SST/TRIPPLE-SP campaign. Panels in the upper row present data with
no correction applied, while the middle row shows the same after spectroflat and our
wavelength calibration are applied. The lower row panels show the same ROI, after the
Wöhl et al. (2002) method is applied. Note: any instrumental cross-talk was not corrected
in any of these datasets.
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Figure 2.14: Spectral profiles at row number 150 of the images shown in Figure 2.13. Top
and bottom x-axis scales indicate the pixel position and the wavelength in Å, respectively.
Note: the spectrum is flipped in wavelength direction with respect to the standard conven-
tion.
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For further comparisons of the spectroflat and Wöhl et al. (2002) methods, we
examined reduced SST/TRIPPLE-SP science data. Figure 2.13 shows the I, Q/I, U/I and
V/I spectra of a five-second averaged quiet Sun measurement. The upper row presents
data that was only corrected for the camera zero-response as a reference. The strong
sensor response pattern imprint and slit-dust impurities are clearly visible in Stokes I.
All Stokes parameters show diagonal fringes and gradients across the FOV. These effects
are drastically reduced by the spectroflat correction shown in the middle row. In
comparison, Wöhl et al. (2002) correction (bottom row) does not fully remove the fringes
and intensity gradients from the Q/I, U/I and V/I images. Also, we observe a residual
column to column response pattern in I. Figure 2.14 shows spectral profiles at row number
150 of the images in Figure 2.13. There is a reduction in fixed pattern imprints in all
Stokes parameters for both correction methods. However, the residual imprints from the
column to column variation remain visible after the Wöhl et al. (2002) correction. In the
other Stokes parameters, the differences between both correction methods are minimal
after division by I.

To test the influence of the flat-field and spectral calibrations on the value of the at-
mospheric parameters retrieved by the inversion algorithms typically employed in remote
sensing, we performed a comparison using the Milne-Eddington (ME) HeLIx+ inversion
code (see Lagg et al. 2004, 2009). We applied it to the measurements shown in Fig-
ure 2.13. To determine the atmospheric parameters, HeLIx+ maximizes the FITNESS
metric, namely, the inverse of the difference between measured and synthetic Stoke pa-
rameters, using a genetic optimization algorithm. See Lagg et al. (2004) for details on the
HeLIx+ algorithm and fitting procedure. The exact propagation of residual flat-field errors
to the inverted atmospheric parameters depends on the inversion code utilized. Therefore,
we use a simplistic ME-model and a statistical approach to test for the influence on the
inversion robustness, rather than on individual results. We invert some selected spec-
tral profiles from each case shown in Figure 2.13 in 100 independent HeLIx+ runs with
random start parameters (within the defined bounds). The genetic code will determine
slightly different best fits for each run. Hence, the comparison of peaks and footprints of
the result distribution for basically uncorrected and the two reduced datasets can be used
as a sanity and robustness check respectively. After removing the V cross-talk the linear
polarization signal present in this dataset is below the noise level (see Figure 2.14). Hence,
we selected weights to ignore Q/I and U/I to avoid fitting artifacts triggering offsets in the
magnetic flux B. All inversion results shown rely solely on I and V/I, which prevents the
deduction of azimuth and inclination angles of the magnetic field. The histograms of the
distribution of the results are given in Figure 2.15, in terms of the distribution of the in-
versions of the Fe i 5250.6 Å line in row y = 150. Likewise, Figure 2.16 presents the
results for the adjacent rows, which have similar Stokes profiles. For all runs the quality
of the fit (FITNESS) of spectroflat is better compared with the dataset calibrated with
Wöhl et al. (2002) method. However, given that the differences in the corrected spectra of
both methods are minimal, they provide similar inversion results, also in general agree-
ment with the noisy raw data. The most prominent difference is the line of sight (LOS)
velocity. The wavelength calibration was executed on the central image row (y = 600) for
all datasets. For the uncorrected data, the smile was not removed, thus at row y = 150 we
have a several pixel offset from the calibrated wavelength.
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Figure 2.15: Histogram of 100 inversions run on the Fe i 5250.6 Å line at row 150 of the
datasets shown in Figure 2.13.
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Figure 2.16: Results of the HeLIx+ inversion code, run on the Fe i 5250.6 Å line, at rows
148 to 151 of the datasets shown in Figure 2.13. The symbols indicate the histogram peak
value, while the error bars the full range of the resulting distributions of the 100 inversion
runs.
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Figure 2.17: Same as Figure 2.15 except that here the Fe i 5247.0 Å and Cr i 5247.5 Å
lines are inverted.
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Figure 2.18: Same as Figure 2.16 except that here the Fe i 5247.0 Å and Cr i 5247.5 Å
lines are inverted.
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Figure 2.19: Row y = 148 of the demodulated Quiet Sun frame corrected with different
algorithms after wavelength calibration on the central row y = 600. The orange line shows
the dataset without any smile or flat-field correction applied. For the Wöhl representative
dataset (green) the smile was detected using the Fe i line at 5250.6 Å (at x=1150 px) only.
The spectroflat method (blue) uses all strong lines in the FOV simultaneously. While both
methods agree on the 5250 Å lines, they already start to notably diverge on the 5247 Å
lines (350 pixels apart).

To further investigate the influence of the smile correction, we also studied lines where
the smile solution of Wöhl et al. (2002) and spectroflat no longer agree, and their differ-
ences are more pronounced. Figure 2.17 shows the distribution of 100 individual inver-
sion runs for row y = 150 for the Fe i 5247.0 Å and Cr i 5247.5 Å lines. As both lines are
formed under roughly the same atmospheric conditions, simultaneous ME inversions can
be executed with out penalties. Figure 2.18 shows the result for the adjacent rows which
have similar Stokes profiles.

The most dominant differences are again for LOS velocity which can be traced down
to smile correction and wavelength calibration: We show earlier in this work that the
smile distortion is not uniform (see Figure 2.2). For the Wöhl representative dataset the
smile correction was performed on the Fe i line at 5250.6 Å. For the results on that line
(see Figure 2.16) we have a mean difference of less than 100 m/s. However, in the 5247 Å
region the smile solutions already show relevant offsets (see Figure 2.19) leading to a
mean difference exceeding 500 m/s. The difference in LOS velocity in the inversion
results showcases the impact of residual error in the single line smile correction for larger
spectral FOVs.
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Limitations

As for flat-fields for pure imaging instruments, the input data to this algorithm has to
be sufficiently uniform in spatial direction. Any remaining (solar) structure will be re-
garded as a flat-field effect and therefore be "corrected" out of the science frames. This
would change the science data in an undesired way. Moreover, if the data is too noise
dominated, the noise will affect the smile detection error metric (Equation 2.2.1). As
the spectroflat algorithm cannot distinguish between actual flat-field artifacts orig-
inating from the instrument and residual solar structures, the observer and user of the
spectroflat algorithm have to ensure that the recorded flat-field data are averaged along
a path around the disk center and sufficiently flat, depending on the requirements of a
given science case. Both issues can be mitigated by integrating enough and sufficiently
displaced frames.

The smile detection and wavelength calibration are aimed at calibrating the full FOV
by applying row-wise changes. In order to do so, several spectral lines have to be tracked
simultaneously. Hence, it requires multiple absorption or emission lines in the correction
area; in particular, lines near the left and right borders of the correction area improve the
result.

Finally, the spectroflat desmile algorithm is focused on detecting and removing the
spectrographic curvature effect. Thus, other geometrical distortions (especially in spatial
direction) need to be tackled separately. Also instrument specific cross-talk effects are
beyond the scope of this algorithm.

2.4 Conclusion

We have introduced two publicly available python libraries. spectroflat to generate
spectro-polarimetric flat-fields and atlas-fit to amend the calibration data generated by
spectroflat with wavelength calibration, along with continuum correction information
against a given solar atlas (Hölken 2023b,a). Both can be installed from the generic
python pip repository, while the sources can be inspected and downloaded from a public
Gitlab repository. Both libraries are agnostic to instrument specifics and can be included
into existing python-based data-reduction pipelines. Technical description is available in
the cited references.

Our algorithms allow to obtain precise flat-field maps from nominal flat-field mea-
surements recorded close in time to the science observations and using a representative
instrument configuration with Sun pointing instead of an artificial light source. Thus, we
avoid the shortcomings mentioned in Section 2.1. When applying our method we see a
significant reduction of fixed pattern noise and residual artifacts. Furthermore, smile dis-
tortion effects are precisely registered and corrected. We have shown its applicability on
a wide range of instruments, wavelength regimes and sensor types.

A variation of smile-distortion as a function of wavelength is expected. However,
we have been able to show that the smile distortion may vary less predictably along the
spectral dimension, exceeding second-order distortions. Higher-order distortion effects,
caused by optical manufacturing and alignment tolerances, are typically not reproduced
by an optical model. Therefore, the currently prevalent approach (obtaining this infor-
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2 Data reduction

mation around a single line or from an optical model) is not suitable for large sensors
targeting multiple solar lines simultaneously. Since multiple spectral windows without
any telluric lines exist and telluric lines are not present at all in datasets from balloon-
borne or space-based instruments, an approach using these lines for smile correction, as
presented by Cai et al. (2017), was not suitable for this generic library. However, it might
be of value to explore such a mode in a later release.

To prove the general performance of spectroflat, we examined the residual arti-
facts and the noise level of demodulated flat-fields from different instruments. We found
the fixed pattern noise, measured as RMS or peak-to-peak variation in Stokes Q, U, and V,
to be reduced by up to an order of magnitude by our method. Further, for a given science
observation, we compared the calibration result obtained with our method with the result
obtained with the method by Wöhl et al. (2002):

• The fixed pattern imprint, quantified as the S/N of the Stokes I data, is significantly
better suppressed by our method.

• For the full frame we were able to achieve a better fringe and gradient suppression
in Q/I, U/I and V/I.

• The differences in the 1D Q/I, U/I, and V/I profile correction results of both methods
are minimal.

• The inversion results after both calibration methods agree within inversion error
expectations, indicating that our method does not introduce systematic errors.

• Higher fitness values for the inversions of the data obtained with our method indi-
cate a better compatibility of the Stokes profiles with the atmospheric model used
by the inversion algorithm.

• The results on LOS velocity benefit strongly from a full FOV smile solution.

For an in-depth analysis of the influence of the calibration methods on inversion results,
a comparison against synthetic data is needed. This is planned for a follow up study.

Furthermore, our algorithm does not depend on an illumination field and works with
sensor and slit flat alone. The smile correction can thus be applied on a temporally av-
eraged frame, which significantly reduces the numerical costs of the flat-field correc-
tion, as compared to the original Wöhl et al. (2002) method. When applying the generic
spectroflat to a GREGOR/GRIS single beam flat-field, the resulting S/N value is al-
most as high as after running the full instrument-specific GRIS pipeline. A detailed study
on possible improvements of the GRIS pipeline using spectroflat is in preparation. For
the SUSI test data we where able to show that the fixed pattern imprints are suppressed
down to the photon noise level.

The few configuration values required by our algorithm were found to be robust. In
all tests based on a given instrument we were able to use the same instrument-specific
configuration on all corresponding flat-field datasets. Due to its broad applicability and
its model independence with respect to specific instrument properties and wavelength
regimes, we believe that our method is applicable as a standard calibration approach for
most modern large FOV long slit spectrographs with or without polarimetric capabilities.
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2.4 Conclusion

We welcome the solar-instrumentation community to use the code as is or to contribute to
the code for even broader applicability.7

Because of its robustness and clear benefits, including its relative numerical inex-
pensiveness, an on-board implementation on future space missions (with the goal of
performing flat-fielding on board) appears feasible. This is a promising outlook since
downstreaming fully reduced science data helps in reducing telemetry bandwidth signifi-
cantly. Such a standardized pipeline approach will be explored with the (post-flight) data
calibration pipeline of the Sunrise Ultraviolet Spectropolarimeter and Imager (SUNRISE-
III/SUSI) on the Sunrise re-flight planned for summer 20248.

7Author’s note: Since October 2025, spectroflat is an officially affiliated package of the SunPy
project (The SunPy Community et al. 2020).

8Author’s note: After the successful re-flight of SUNRISE-III in summer 2024, spectroflat is now
indeed an integral part of the SUSI data reduction pipeline. For details on the pipeline implementation and
the integration of spectroflat kindly refer to Feller et al. (2025). Further updates on spectroflat can
be found in Appendix A.
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3 Image Restoration

This chapter is focused on the mathematical background of the MOMFBD image recon-
struction algorithm, used to estimate the PSF that degraded a recorded image. This PSF
can then later also be used to reconstruct solar imaging spectro-polarimetric data in a
pseudo-deconvolution process named specrestore. The form of the thesis changes to a
more mathematical work in this chapter and is structured in definitions, lemmata, theo-
rems, and proofs.

3.1 Background

In this section I will provide the mathematical toolbox needed to derive the image recon-
struction algorithm. I will state general results on Zernike Polynomials and Karhunen-
Loève Expansions which are used to describe the PSF and a quick summary of Poisson
processes. Further, the Expectation Maximation (EM), and Gerchberg-Saxton (GS) algo-
rithms are introduced. Proofs from textbooks are omitted while proofs from articles are
reproduced where needed.

3.1.1 Mathematical Utilities

3.1.1.1 Zernike Polynomials

Zernike polynomials are suitable to describe optical aberrations and to some degree also
distortions caused by atmosphere (Zernike (1934), Noll (1976)). Optical pupils usually
are circular domains, it is hence natural to define the Zernike polynomials in polar coor-
dinates. For this section let ρ ∈ [0, 1] be the radial distance and ϕ ∈ [0, 2π] the azimuth
angle.

Definition 3.1.1. (Zernike polynomials)
Let n,m ∈ N0 with n ≥ m. The even Zernike polynomials are defined as

Zm
n (ρ, ϕ) := Rm

n (ρ) · cos(mϕ) (3.1.1)

and the odd ones as
Z−m

n (ρ, ϕ) := Rm
n (ρ) · sin(mϕ). (3.1.2)

The radial polynomials Rm
n (ρ) are defined by

Rm
n (ρ) :=


(n−m)/2∑

k=0

(−1)k (n−k)!
k! ( n+m

2 −k)! ( n−m
2 −k)!

ρn−2k, if n − m even

0, if n − m odd.
(3.1.3)
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3 Image Restoration

Figure 3.1: 3D visualization of the first six Zernike polynomials. See Table 3.1 for the
corresponding equations.

Following Noll (1976), we can normalize the Zernike polynomials by multiplication with

hm(n) :=


√

2(n + 1), if m , 0
√

n + 1, else.
(3.1.4)

Several competing indexing schemes exists, we are using the radially ordered scheme
introduced by Noll (1976), where

i := i(n,m) :=
n(n + 1)

2
+ |m| +


0, if m > 0 and n ≡ {0, 1} (mod4);
0, if m < 0 and n ≡ {2, 3} (mod4);
1, if m ≥ 0 and n ≡ {2, 3} (mod4);
1, if m ≤ 0 and n ≡ {0, 1} (mod4).

We write Ψi for the i-th Zernike polynomial as indicated in Table 3.1 below, and visual-
izations in Figure 3.1. We call the indices modes. A finite set of modes is often denoted
withM ⊂ N. Modes 2 and 3 are referred to as the tip-tilt components of the PSF.

Lemma 3.1.1. (Orthogonality of the Zernike Polynomials)
The Zernike Polynomials are orthogonal. In particular, the following equation holds:

1
π

∫ 2π

0

∫ 1

0
Ψi(ρ, ϕ)Ψ j(ρ, ϕ) ρ dρ dϕ = δi, j. (3.1.5)

Proof. We can split the claimed property in the orthogonality of the radial and angular
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3.1 Background

Mode Symbol n m hm(n) Z±m
n (ρ, ϕ) Optical Name

1 Ψ1 0 0 1 Piston
2 Ψ2 1 1 2ρ cos(ϕ) Tip (y)
3 Ψ3 1 -1 2ρ sin(ϕ) Tilt (x)
4 Ψ4 2 0

√
3 (2ρ2 − 1) Defocus

5 Ψ5 2 -2
√

6 ρ2 sin(2ϕ) Astigmatism (oblique)
6 Ψ6 2 2

√
6 ρ2 cos(2ϕ) Astigmatism (vertical)

Table 3.1: Noll mode index number, equation, and name of the first six Zernike Polyno-
mials. Note that polynomials where Rm

n vanishes are not indexed. See Figure 3.1 for a
visualization.

parts. For the angular part the following cases exist: The mixed term is always zero:∫ 2π

0
sin(mϕ) cos(m′ϕ)dϕ =

m sin(2mπ) sin(2m′π) + n(cos(2mπ) cos(2m′π) − 1)
m2 − m′2

= 0 ∀ m,m′ ∈ N0,

since sin(2zπ) = 0 and cos(2zπ) = 1 for all z ∈ Z. If we assume m = 0 and m′ ∈ N0, we
get ∫ 2π

0
0 · sin(m′ϕ) dϕ = 0 and

∫ 2π

0
cos(m′ϕ) dϕ = 2π δm,m′ ,

and the case where m = m′ = 0 is always the (cos, cos) case. Let’s assume that m ∈ N,
then ∫ 2π

0
sin(mϕ) sin(m′ϕ) dϕ = π δm,m′ =

∫ 2π

0
cos(mϕ) cos(m′ϕ) dϕ,

as we always get a result of the form "a sin(2zπ)− b sin(2z′π)", with a, b ∈ R and z, z′ ∈ Z,
if m , m′. And the integral over cos2 and sin2 is π.

For the radial part we now just need to check for cases where m = m′. The Zernike
polynomials were designed to be orthogonal in this case by subtracting appropriate low
order terms. Thus, ∫ 1

0
Rm

n (ρ) Rm
n′(ρ) ρ dρ =

δn,n′

2(n + 1)
.

With the choose of hm(n) as in Equation 3.1.4 we have shown the claimed condition.

Expanding the Zernike polynomials by substituting x := ρ cos(ϕ) and y := ρ sin(ϕ) we
obtain polynomials in Cartesian coordinates, for example,

Ψ6 = Z2
2(ρ, ϕ) =

√
6 ρ2 cos(2ϕ)

corresponds to
−−−−−−−−−→

√
6 (x2 − y2). (3.1.6)

Apart from the natural circularity of our problem, it has further benefits to define Zernikes
in polar coordinates: (i) As just shown, Zernike polynomials are orthogonal over the unit
disk when expressed in polar coordinates. This is an important characteristic for expand-
ing the PSF into a sum of Zernike polynomials. (ii) In polar coordinates, Zernike polyno-
mials separate into a radial part (Rm

n (ρ)) and an angular part (cos(mϕ) or sin(mϕ)) which
is matching the physics of modes in an optical system. And finally, (iii) the expression of
Zernike polynomials is generally much simpler in polar coordinates.
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3 Image Restoration

3.1.1.2 Karhunen-Loève Expansion

While Zernike polynomials are ideal for optical aberrations, Karhunen-Loève (KL) modes
are more suitable at estimating wavefront errors created by atmospheric turbulences (Noll
1976, Roddier 1990). KL modes can be constructed by using KL-expansion of the Zernike
polynomials. Usually, this is used for modes above three (i.e., non tip-tilt modes) but the
use of KL expansion is optional and can be selected per execution of the MFBD algorithm.
We therefore just briefly discuss the topic here for completeness. In a nutshell: The idea of
the KL-Expansion is similar to the idea of selecting a Hilbert-basis from the Fourier-series
representation.

I will follow (Harlim 2018, "Data-Driven Computational Methods", Chapter 5) for
the general theory part and Orlov et al. (1997) for the description of our use case. In the
former a detailed introduction to KL-expansions can be found. In particular the relevant
proofs can be found ibid.

Definition 3.1.2. (Hilbert-Schmidt kernel & integral operator)
Let T ⊂ R be a bounded domain. The function k : T × T → R is called a Hilbert-Schmidt
kernel if k ∈ L2(T × T ), that is∫

T×T

∣∣∣k(t, s)
∣∣∣2 dt ds < ∞.

Further we define the Hilbert-Schmidt integral operator as

(
Ku

)
(t) :=

∫
T

k(t, s) u(s) ds, ∀ u ∈ L2(T ).

Using the Cauchy-Schwarz Inequality for Integrals we see∫
T

∣∣∣∣(Ku
)
(t)

∣∣∣∣2 dt =
∫

T

∣∣∣∣∣∫
T

k(t, s) u(s) ds
∣∣∣∣∣2 dt

≤

∫
T

(∫
T

∣∣∣∣k(t, s)
∣∣∣∣2ds

)
·

(∫
T

∣∣∣∣u(s)
∣∣∣∣2 ds

)
dt

= ∥k∥2L2(T×T ) · ∥u∥
2
L2(T ) < ∞ (3.1.7)

And hence, it follows that Ku ∈ L2(T ) is well defined and K : L2(T )→ L2(T ) is bounded
with ∥K∥ ≤ ∥k∥L2 .

Definition 3.1.3. (Self-adjoint, positive operator)
Let H be a Hilbert space. We say a bounded linear operator K : H → H is self-adjoint if

⟨Ku, v⟩ = ⟨u,Kv⟩ ∀ u, v ∈ H.

Further, we say K is positive semidefinite if ⟨Ku, u⟩ ≥ 0 for all u ∈ H.

As a lemma one can derive that a Hilbert-Schmidt integral operator K with kernel k is
self-adjoint if and only if k is symmetric, that is k(s, t) = k(t, s) for all s, t ∈ T . With these
definitions at hand we can give the main result that is needed to understand KL expansion:
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3.1 Background

Theorem 3.1.2. (Mercer’s Theorem)
Let T ⊂ R be a compact interval and k : T ×T → R be a continuous function. Further, let
k be a symmetric Hilbert-Schmidt kernel and the corresponding Hilbert-Schmidt integral
operator K be positive semidefinite. Then there exist real λ j ≥ 0 and continuous functions
φ j ∈ L2(T ) that satisfy

(
Kφ j

)
(t) = λ jφ j(t) such that

k(t, s) =
∑
j∈N

λ j φ j(t)φ j(s)

uniformly on T × T. Moreover, {φ j | j ∈ N } forms an orthonormal basis of L2(T ).

Recall that {φ j | j ∈ N } being an orthonormal basis means that any function in L2(T )
can be described as an infinite sum of these basis functions.

For the application on KL-expansion let T ⊂ R a bounded interval, Ω a probability
space, and X : Ω × T → R a centered mean-square-continuous1 stochastic process in
L2(Ω × T ). Define K : L2(T ) → L2(T ) via

[
Ku

]
(t) :=

∫
T

k(t, s) u(s) ds, (3.1.8)

where k = RX is the autocovariance function of X given by

RX(t, s) := E
[(

Xt − µX(t)
)(

Xs − µX(s)
)]
, (3.1.9)

where µX(t) := E[Xt] is the mean function. For centered processes µX = 0. Obviously RX

is symmetric, therefore K is self-adjoint. Since X is mean-square-continuous, k = RX is
continuous on T × T and RX ∈ L2(T × T ) because X ∈ L2(Ω × T ). Further, K is positive
semidefinite because,

⟨Ku, u⟩ = E
(∫

T
Xt u(t) dt

)2 ≥ 0 ∀ u ∈ L2(T ) (3.1.10)

since E[Y2] is always nonnegative for any real-valued random variable Y . Thus, RX is a
Hilbert-Schmidt kernel and the Hilbert-Schmidt operator K with kernel function RX sat-
isfies the requirements (self-adjoint, continuous, positive semidefinite) of Mercer’s Theo-
rem and therefore has real eigenvalues λ j ≥ 0 and eigenfunctions φ j ∈ L2(T ) that form an
orthonormal basis of L2(T ). Since X ∈ L2(Ω × T ) we can expand X as

X(ω, t) =
∑
j∈N

x j(ω)φ j(t), (3.1.11)

with expansion coefficients

x j(ω) = ⟨X(ω, ·), φ j⟩ =

∫
T

X(ω, s)φ j(s) ds. (3.1.12)

1A stochastic process {Xt}t∈T is called mean-square-continuous, if

lim
ϵ→0
E
[
(Xt+ϵ − Xt)2] = 0.
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3 Image Restoration

Theorem 3.1.3. (Karhunen-Loève Expansion)
The expansion defined by Equations 3.1.11 and 3.1.12 converges and is uniformly in T .
That is, it does not depend on the particular value chosen in T . Moreover, the coefficients
are of mean zero and uncorrelated. In formulas

E[x j] = 0, E[x jxk] = λ j δ jk and Var[x2
j] = λ j,

where δ jk is the Kronecker-Delta.

In our case we have a two dimensional turbulence induced phase distortion p : T → C
over a (circular) aperture T ⊂ R2, the telescope pupil. By scaling everything with the
pupil radius we can assume that T is the unit circle. Denote the auto-correlation function
of the phase p with

Rp(s, t) :=
〈
p(s + t) p∗(s)

〉
, (3.1.13)

for s := (cos ϕ, sin ϕ) and t := (cos θ, sin θ), with ϕ, θ ∈ [0, 2π), then we can formulate a
two-dimensional KL equation as an homogeneous integral equation

λ2
jφ j(t) =

∫
T

Rp(s, t)φ j(s) ds. (3.1.14)

The correlation function of a turbulence induced phase distortion is symmetric. Thus, we
want to apply Theorem 3.1.3 to the right hand side of the equation to get

p(t) =
∑
j∈N

x j φ j(t),

with
x j :=

1
π

∫
T

p(t)φ j(t) dt.

However, computing a description of a seeing-induced PSF for the two dimensional case
is numerically a non trivial task and the generalization of the KL theory to a multi-
dimensional case is also more complex. Since seeing introduces phase distortions are
isotropic (Tatarski et al. 1961) the correlation function Rp satisfies

Rp(t, s) = Rp
(
|t − s|

)
(3.1.15)

and we can reduce the two dimensional case to a one dimensional one (and use the 1D
results from above). Similar to the definition of Zernike polynomials (see Section 3.1.1.1)
we want to find a radial component Lm

j such that

φ j(t) ∼ Lm
j (ρ) ·


cos(mϕ), if m , 0 and j is even
sin(mϕ), if m , 0 and j is odd
1, if m = 0,

(3.1.16)

where ρ ∈ [0, 1] is again the radial distance and ϕ ∈ [0, 2π] the azimuth angle. According
to Voitsekhovich and Cuevas (1995), the correlation function Rp can be written as

Rp(s, t) = 0.49 · r−5/3
0

∫
T
Φn(v) exp

(
i v (s − t)

)
dv, (3.1.17)
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3.1 Background

whereΦn is the fluctuation spectrum for the refractive index n and r0 the Fried parameter2.
If we use the assumed split in radial function Lm

j and angular part from Equation 3.1.16
we can translate Equation 3.1.14 to the one-dimensional integral (Orlov et al. (1997))

λ2
j Lm

j (ρ) =
∫ 1

0
Lm

j (r) k(r, ρ) dr,

with Hilbert-Schmidt kernel function

k(x, y) := 1.96 π r−5/3
0

∫ ∞

0
zΦn(z) Jm(zx) Jm(zy) dz,

where Jm denotes the m-th Bessel-function3. Now that we are in 1D, we wish to express
the radial part of the KL expansion Lm

n by the radial part of the Zernike polynomials Rm
n

as defined in Equation 3.1.3. From the reformulated Equation 3.1.14 we can derive the
homogeneous system ∑

j∈N

βm
j,n Am

j,k = λ2
m β

m
k,n, (3.1.18)

using the ansatz

Lm
j (ρ) =

∞∑
k=m

βm
k,n

√
2 j + 2 Rm

j (ρ). (3.1.19)

The components of the matrix (Am
j,k) are given by

Am
j,k = 3.92 πr−5/3

0 (−1)(k+ j+2m)/2 (1 − δ0k) (1 − δ0 j)
√

(k + 1)( j + 1)

·

∫ ∞

0
z−1Φn(z) J j+1(z) Jk+1(z) dz. (3.1.20)

One can easily see that the computation now heavily depends on the chosen model for the
fluctuation spectrum Φn for the refractive index. Among the more widely used models
are the Kolmogorov-Model, the Exponential-Model and the Von-Karman-Model. Tailored
expressions for the matrix-components Am

j,k for these models can be found in Orlov et al.
(1997).

2The Fried parameter (see Fried 1966) is defined as

r0 :=
(
0.523 k2 sec(ζ)

∫ ∞

0
C2

n(z) dz
)−3/5

Where k = 2π/λ is the wave number and ζ the zenith-angle. Cn describes the turbulence strength for refractive
index n above the telescope as function of height. The Fried parameter can be interpreted as the 0-th moment
of turbulence. It defines the scale length for which the wavefront phase errors are of the order of 1 radian.

3The n-th Bessel function is defined as

Jn(x) :=
∞∑

r=0

(−1)r(x/2)2r+n

Γ(n + r + 1)n!
,

where Γ(n) := (n − 1)! is the Euler Gamma Function.
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3 Image Restoration

3.1.1.3 Translated Poisson Process

The model of a translated Poisson process describes the situation when acquiring images
through an distorted atmosphere. I will only give a short overview here, a general intro-
duction can be found in (Snyder and Miller 1991, "Random Point Processes in Time and
Space", Chapter 3). Especially all proofs for the results presented here can be found there.
Before we discuss the translated Poisson process we need to introduce some concepts:

Definition 3.1.4. (counting process)
Let X be a measurable space (e.g., X ∈ Rd) and ω = {x1, x2, . . .} where each xi denotes a
coordinate in X. Let A ⊂ X and

N(A : ω) :=
∑

i

IA(xi)

the number of points in ω that lie in A, with

IA(x) :=

1, if x ∈ A
0, if x < A,

then we call N(A : ω) a counting process.

Usually, ω is fixed in a given context and we hence omit it. When seen as a function
of A, N : X → N0 defines a positive semidefinite random process on X and we call the
N(A) = k the count of A under N, or simply count.

Definition 3.1.5. (Poisson counting process)
Let X be a measurable space. A Poisson counting process (or simply Poisson process) on
X with a monotonically increasing intensity function λ : X → N0 is a counting process
N(·) on X such that, for any measurable subset A ⊆ X:

(a) N(A) is Poisson-distributed with mean λ(A), that is

P
[
N(A) = k

]
=
λ(A)k

k!
exp(−λ(A))

for k ∈ N0.

(b) For any collection of disjoint, measurable subsets A1, A2, . . . , An ⊂ X the counts
N(A1), N(A2), . . . , N(An) are independent random variables.

Note that E[N(A)] = λ(A). A typical example for A and X would be to identify X with
time and A with the number of events that have occurred up to time A. A more common
notation in this case would be {N(t) : t ≥ t0} and the conditions translate to

1. P
[
N(t0) = 0

]
= 1, that is we almost surely start with zero counts.

2. The increment N(s, t) = N(t) − N(s) for any t0 ≤ s < t is Poisson distributed with
mean λ(t) − λ(s).

3. The increments are independent random variables.
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3.1 Background

Properties (b) or (3) are the characteristic property of the Poisson process: It simply
means that the counts in separate, nonoverlapping intervals are statistically independent,
regardless of how big the intervals are or where they are located.

Now we can discuss the translated Poisson process. In general it is a model for a
measured point process that is bound to another underlying unobservable point process.
The former one is referred to as output point process in X the latter as input point process
in Y.

Theorem 3.1.4. (A translated Poisson process is a Poisson process)
Let {N(A) | A ⊂ X} be a Poisson counting process with the integrable intensity function
λ(x) in the input space X. If an input location x ∈ X is randomly translated to an output
location y ∈ Y via a conditional probability density function ρ(y|x) to form an output
point-process {M(B) | B ⊂ Y}, then the latter is also a Poisson counting process with
intensity function

µ(y) :=
∫

X
ρ(y|x) λ(x) dx. (3.1.21)

Following Snyder and Miller (1991) (Chapter 2) we can compute the log likelihood
of a Poisson process as:

LX(N, λ) = −

∫
X

λ(x) dx +
∫
X

ln
(
λ(x)

)
N(dx) − ln

(
N(X)!

)
, (3.1.22)

Where N(dx) acts like a Dirac counting measure at the observed points, that is

N(dx) :=

1, if x is a point where an event has occurred
0, otherwise.

With the notation above, the log likelihood for the translated process is:

LY(M, µ) = −

∫
Y

µ(y) dy +
∫
Y

ln
(
µ(y)

)
M(dy) − ln

(
M(Y)!

)
. (3.1.23)

Because N(dx) evaluates to 0 or 1 in a discrete manner, the last integral in the log like-
lihood function can be simplified to a sum (compare, Hohage and Werner 2016). If the
process observed points at positions x1, ..., xn the integral translates to∫

X

ln
(
λ(x)

)
N(dx) =

n∑
i=1

ln
(
λ(xi)

)
).

This is especially the case in the domain of discrete pixels, where we soon will operate.

Theorem 3.1.5. (Conditional mean for count-record data)
Let {N(A) | A ⊂ X} a Poisson process with an integrable intensity function λ(x) and
{M(B) | B ⊂ Y} an output point-process with a translating conditional probability den-
sity function ρ(y|x). Denote the count-record data by M = {Y1, ...,YM(Y), M(Y)}, where
Ym is the location of the observed point in the output space.

Then the conditional expectation given the count-record data M is given by

E
[
N(A) |M

]
=

∫
Y

∫
A
ρ(y|x)λ(x)dx∫
X
ρ(y|x)λ(x)dx

M(dy). (3.1.24)
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The input space X and output space Y may lay in the same space. In this case we can
think of points being "shifted around", which is a fair assumption in our case of an image
degradation. In this context I will also refer to ρ as the point spread function (PSF).

3.1.2 Algorithms

So far I have introduced Zernike Polynomials and KL-modes to describe the seeing in-
duced PSF and the log likelihood metric for Poisson processes. Next I will discuss two
algorithms that are needed to bind these two blocks together in discrete pixel space. The
expectation-maximization (EM) algorithm is an iterative approach to find the (local) max-
imum likelihood of a statistical process while the Gerchberg-Saxton (GS) algorithm is a
rapid computational method to recover the phase of two intensity measurements.

3.1.2.1 Expectation Maximization Algorithm

In this subsection I will briefly discuss the idea of the EM algorithm and translate it to our
case of Poisson distributed processes in discrete pixel space. I refer to Snyder and Miller
(1991) (Chapter 3) for details.

To describe an EM algorithm, the concepts of a complete-data spaceZ and an incomplete-
data space Y are used. Further, a mapping h : Z → Y between them must exist. In our
case the concepts can be translated to:

• Incomplete-data space (Y): This usually is the space where we take our measure-
ments (i.e., images).

• Complete-data space (Z): This is a hypothetical space with no physical meaning.
It is needed to make the expectation and maximization steps of the EM algorithm
traceable and make the computation needed numerically feasible. Note that the
complete-data space depends on a choice and is not unique.

• Mapping (h): The complete-data space is larger than the incomplete one, thus we
usually have a point-wise many-to-one mapping. Mapping and incomplete data
form a constraint (h(z) = y) that the complete data may have.

Let θ be a vector of unknown parameters and L(θ,Y) the corresponding (log) likelihood
function. The maximization-algorithm consists of two steps which can be boiled down
to:

E Define Q(θ, θ̂old) as the expected value of the complete-data log likelihood function
Lcd(θ,Z), conditioned on the observed parameters inY and using the estimated θ̂old

from the iteration before.

M Find the parameters, such that

θ̂new = argmax
θ

Q(θ, θ̂old).
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3.1 Background

Note that obviously the E-Step cannot be done in the fist iteration. Thus, an initial guess
or starting condition is needed. Also, the definition of Q as conditioned expected value of
a log likelihood function on the unobservable data in the complete-data space Z needs a
bit more explanation. The complete-data log likelihood function is given by

Lcd(θ,Z) := ln
(
ρZ(Z|θ)

)
, (3.1.25)

where ρZ(Z|θ) denotes the density of the complete data as function of the parameters.
Note that in general the desired θ̂ does not maximize Lcd. The complete-data log likeli-
hood is a helper function to define the important Q function as follows:

Q(θ, θ̂old) := Eold[ Lcd(θ,Z) | Y
]
, (3.1.26)

as conditioned expectation given the incomplete-data Y and using the previous θ̂old in the
following sense:

Eold[ Lcd(θ,Z) | y = Y
]
=

∫
Z

ρZ|Y(Z|Y | θ̂old) ln
(
ρZ(Z|θ)

)
dZ, (3.1.27)

where

ρZ|Y(Z|Y | θ) =

ρZ(Z|θ)
ρY(Y|θ) , ifZ ∈ Z(Y)

0, otherwise

and Z(Y) = {z ∈ Z | h(z) = Y}. The denominator in this equation is the density of the
incomplete data that satisfies:∫

Z(Y)
ρZ(Z|θ)dZ = ρY(Y|θ).

With this notation we can establish:

Theorem 3.1.6. (EM-Algorithm)
Let the sequence {θ(k) | k ∈ N} be defined according to the E and M steps above, then the
corresponding sequence of {L(θ(k),Y) | k ∈ N} is nondecreasing.

For the proof of this theorem I refer to Snyder and Miller (1991) (p. 137f).

In our case of a translated Poisson process the (log) likelihood function L(θ,Y) is
simply the one that I established in Section 3.1.1.3. With the notation of the previous
subsection let N(X) be the number of observed points in X. We assume that the input
space X is partitioned into disjoint subsets X1, ...,XN(X). For the output-space we assume
Y1, ...,YN(Y) as partitioning (i.e., think of sensor pixels). Then the intensity function on
X can be written as

λ(x) =

N(X)∑
k=1

λk 1x∈Xk . (3.1.28)

Thus, the intensity function is patchwise constant. Since the intensity function λ is strictly
non-negative, it is clear that λk ≥ 0 for all k = 1, ...,K. Without translations, the maximum
likelihood estimate λ̂ would be given by

λ̂(x) =
N(X)∑
k=1

λ̂k 1x∈Xk , where λ̂k :=
N(Xk)
∥Xk∥

, (3.1.29)
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3 Image Restoration

with ∥Xk∥ denotes the size of the k-th sub region. If we think of the input space as the
complete-data space, and ignore all terms in the log likelihood that do not depend on the
intensity, we get

L̃cd(λ) = −

N(X)∑
k=1

λk 1x∈Xk +

N(X)∑
k=1

N(Xk) ln(λk). (3.1.30)

This is exactly the λ dependent part of the log likelihood of the input process. With that
we can translate

Q̃(λ, λ̂old) = −

N(X)∑
k=1

λk 1x∈Xk +

N(X)∑
k=1

Eold[N(Xk) |M
]
ln(λk), (3.1.31)

where M is the measured incomplete data as in Section 3.1.1.3. Applying the conditional
mean Theorem 3.1.5, we get

Q̃(λ, λ̂old) = −

N(X)∑
k=1

λk 1x∈Xk +

N(X)∑
k=1


∫
Y

λ̂old
k fk(y)

N(X)∑
l=1

λ̂old
l fl(y)

M(dy)

 ln(λk), (3.1.32)

with
fk(y) :=

∫
Xk

ρ(y|x) dx.

3.1.2.2 Gerchberg-Saxton Algorithm

I will now follow Gerchberg and Saxton (1972) for the general presentation of the phase-
recovery algorithm for intensity images. The discussed method is an iterative algorithm
that depends on the Fourier Transform relation between the image and diffraction plane
and can be formulated in a setup and two computation steps:

Setup: The input data are the diffraction plane intensity images measured and the
amplitudes of the sampled images. The latter ones are proportional to the square roots
of the measured intensities. Further, a random number generator is used to generate a
matrix of random numbers (ai, j) ∈ [−π, π]n×m where n,m ∈ N are the image dimensions.
This Matrix is used as initial guess for the phases that correspond to the image amplitudes.

Step 1 (Image Plane): Multiply the current phase estimate with the sampled image
plane amplitudes. Perform a Fast Fourier Transform (FFT) of the discrete function and
compute the phases of the complex result.

Step 2 (Diffraction Plane): Multiply the current phase estimate with the sampled
diffraction plane amplitudes. Perform a Fast Fourier Transform (FFT) of the discrete
function and compute the phases of the complex result.

The setup step is only done once to start the algorithm. Computing steps 1 & 2 are re-
peated per iteration. The basis of this method is the fact, that changing only the amplitude
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3.1 Background

Figure 3.2: Flowchart of the Gerchberg-Saxton phase determining algorithm, adapted
from Gerchberg and Saxton (1972).

distribution results in a change of both, amplitude and phase, after Fourier Transform.
Figure 3.2 shows a schematic overview of the GS algorithm.

The algorithm works as follows: Let ϕk be the current phase in the image plane (at
the beginning this will be the initial random phase guess (ai, j)). Let u0,U0 denote the
measured amplitude in image and diffraction planes respectively. In step one we compute

Uk+1 := |Uk+1| · exp(iψk+1) = FFT
(
|u0| · exp(iϕk)

)
. (3.1.33)

In step two we take the phase part exp(iΦk+1) and multiply it with the measured amplitude
of the diffraction plane U0. From this we get the next phase estimate ϕk+1 via

uk := |uk| · exp(iϕk) = FFT
(
|U0| · exp(iψk)

)
. (3.1.34)

The amplitude in the diffraction plane is the Fourier Transform of the image plane func-
tion. Let N ∈ N be the number of all measured points then Parsevals’s Theorem can be
directly translated to

N−1∑
n=0

|u0[n]|2 =
1
N

N−1∑
n=0

|U0[n]|2. (3.1.35)

We define two error functions

Ek :=

N ·
N−1∑
n=0

(
|Uk[n]| − |U0[n]|

)2


1/2

(3.1.36)

75



3 Image Restoration

and

ek :=

N−1∑
n=0

(
|uk[n]| − |u0[n]|

)2


1/2

. (3.1.37)

We multiplied the diffraction plane error with
√

N for compatibility with the image plane
error. If this errors become zero it is clear that we have found the correct phase for the
points in both planes.

First we note that solutions found by this algorithm are not unique. Any constant arbi-
trary phase added to any amplitude×phase-function, that matches the intensity conditions
in image and diffraction plane, will generate a new solution function. Thus, only relative
phases of the solution are meaningful.

In the case where the intensities in both planes are symmetric on the image center,
the complex conjugate of the solution would also form a solution. However, this case is
neglectable for solar imagery. For the error convergence we see that if

Ek −→
k

M ∈ N and ek −→
k

m ∈ N

the phase in the image and the diffraction plane must be the same for k ≥ k̂ ∈ N. The
original paper Gerchberg and Saxton (1972) does not contain a formal proof that the
errors always have a finite limit, but the authors claim that this always happens even if the
algorithm does not find a desired solution and thus that the algorithm is always finished
in finitely many steps. For a formal proof of the error convergence I follow Thimons and
Wittle (2018).

Theorem 3.1.7. (Thimons and Wittle 2018, Theorem 1)
The diffraction plane and image plane errors do not increase, as the algorithm progresses.
In particular the following inequality holds

Ek+1 ≤ ek ≤ Ek ∀ k ∈ N0. (3.1.38)

Proof. Define Wk := |U0| · exp(iψk) and wk := |u0| · exp(iϕk−1). We start with a proof of
the right inequality.N

N−1∑
n=0

∣∣∣Uk[n] −Wk[n]
∣∣∣2

1/2

=

N
N−1∑
n=0

∣∣∣∣ exp(iψk) ·
(
|Uk[n]| − |Wk[n]|

)∣∣∣∣2
1/2

=

N
N−1∑
n=0

(∣∣∣ exp(iψk)
∣∣∣ · ∣∣∣|Uk[n]| − |Wk[n]|

∣∣∣)2


1/2

=

N
N−1∑
n=0

(
|Uk[n]| − |Wk[n]|

)2


1/2

. (3.1.39)

Since |Wk[n]| = |U0[n]| this is Ek. From the step definition in Equation 3.1.34 we see that
FFT(Uk) = wk = |u0| exp(iϕk−1) and FFT(Wk) = uk = |uk| exp(iϕk). As FFT is a linear
operation and with Parseval’s Theorem we can transfer the left hand side of the equation
above to the image domain. We get

Ek =

N
N−1∑
n=0

∣∣∣Uk[n] −Wk[n]
∣∣∣2

1/2

=

N−1∑
n=0

∣∣∣∣wk[n] − uk[n]
∣∣∣∣2

1/2

.
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For the ease of notation let’s focus on the n-th term tk[n] :=
∣∣∣wk[n] − uk[n]

∣∣∣2 in the sum
above.

tk =
∣∣∣∣|u0| exp(iϕk−1) − |uk| exp(iϕk)

∣∣∣∣2
(∗)
=

∣∣∣∣|u0| cos(ϕk−1) + i|u0| sin(ϕk−1) − |uk| cos(ϕk) − i|uk| sin(ϕk)
∣∣∣∣2

(∗∗)
=

[
|u0| cos(ϕk−1) − |uk| cos(ϕk)

]2
+

[
|u0| sin(ϕk−1) − |uk| sin(ϕk)

]2

=
∣∣∣uk

∣∣∣2 + ∣∣∣u0

∣∣∣2 − 2
∣∣∣uk

∣∣∣∣∣∣u0

∣∣∣[ cos(ϕk−1) cos(ϕk) + sin(ϕk−1) sin(ϕk)
]

=
∣∣∣uk

∣∣∣2 + ∣∣∣u0

∣∣∣2 − 2
∣∣∣uk

∣∣∣∣∣∣u0

∣∣∣ cos(ϕk−1 − ϕk),

where (∗) is the definition of complex exponentials and (∗∗) the definition of the complex
magnitude. Since cos ≤ 1 we get

a ≥ a · cos(θ), ∀ a ∈ [0,∞), ∀ θ ∈ R,

regardless of the sign of cos(θ). And therefore

Ek ≥

N−1∑
n=0

∣∣∣u0[n]
∣∣∣2 + ∣∣∣uk[n]

∣∣∣2 − 2
∣∣∣u0[n]

∣∣∣∣∣∣uk[n]
∣∣∣

1/2

=

N−1∑
n=0

(
|uk[n]| − |u0[n]|

)2


1/2

= ek.

Which is what we wanted to show in the first part. For the other inequality we start by
multiplying | exp(iϕk)| analog to Equation 3.1.39 and see that

ek =

N−1∑
n=0

∣∣∣uk[n] − wk+1[n]
∣∣∣2

1/2

.

We use Parseval’s Theorem once again and translate this to the diffraction plane:N−1∑
n=0

∣∣∣uk[n] − wk+1[n]
∣∣∣2

1/2

=

N
N−1∑
n=0

∣∣∣Wk[n] − Uk+1[n]
∣∣∣2

1/2

.

This result can be derived with the same rationals as above to

ek =

N
N−1∑
n=0

∣∣∣Wk[n] − Uk+1[n]
∣∣∣2

1/2

≥

N
N−1∑
n=0

∣∣∣U0[n]
∣∣∣2 + ∣∣∣Uk+1[n]

∣∣∣2 − 2
∣∣∣U0[n]

∣∣∣∣∣∣Uk+1[n]
∣∣∣

1/2

= Ek+1.

The combination of both results yields the proof of the theorem.

Thimons and Wittle (2018) further suggest to start the algorithm with a constant ini-
tial phase instead of a random one, given that at least one of the magnitudes is non-
centrosymmetric.
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3.2 The MOMFBD Algorithm

In Section 1.3 I have introduced the MOMFBD (Schulz 1993, Miura et al. 1994, Paxman
et al. 1996, Van Noort et al. 2005) algorithm in five steps:

1. Compute the PSFs (p̂i) from a proposed set of coefficients α̂i

2. De-convolve each frame ( fi) with the proposed PSF (p̂i) to estimate the scene (ŝi).

3. Weight the estimated scenes by the seeing quality (ωi) and compute the common
estimate as weighted average (ŝ =

∑
ωi ŝi/N).

4. Compare each raw frame ( fi) with the common scene estimate re-convolved with
the corresponding PSF (ŝ ⊛ p̂i).

5. Stop the iteration if the disparity between re-convolved scene estimate and raw
frames is satisfactory, else generate a new set of coefficients α̂i and start over.

In this section I will discuss the metric to judge the quality of the result and how to
estimate the set of coefficients α̂i in a way that ensures convergence of the algorithm.
For this I will follow the argument from Van Noort et al. (2005), but will collect all
referenced results, exemplify missing proofs, and introduce my own, common notation
where necessary.

3.2.1 Definitions
In this section let O = [0, ...,O],O ∈ N the set of objects, each recorded at a specific
wavelength λo, and Ko = [0, ...,Ko] with Ko ∈ N and o ∈ O the channels per object.
Further, let T = [0, ...,T ],T ∈ N the set of frames that are recorded strictly in sync for
all objects. Refer to Figure 1.8 for a schematic drawing of the data collection process.
Typically, we deal with one to ten objects and one or two channels each. However, with
cameras recording at 400 Hz and a sample time of a minute, the number of processed
frames can be quite large.

To simplify the notation we collapse frame number and channel into a single index
Jo := T × Ko. Also, we again first focus on a single object and ignore any O related
indices. We will see shortly, why this can be done without a loss in generality.

On the order of the isoplanatic angle, we can assume a space invariance of the PSF.
However, for larger fields of view (FOV) this is violated and we have to process sub-
fields of a suitable size separately. For simplicity we assume that the whole frame lies
within an isoplanatic region. As Frames are composed of pixels we assume coordinates
v ∈ V ⊂ N2 ⊂ R2 from a discrete region V. With this each frame f j, j ∈ J can be de-
scribed as

f j(v) = (s ⊛ p j)(v) + n j(v), (3.2.1)

where s is the true solar scene (the same for all frames), p j the PSF and n j a Gaussian
noise term. In the Fourier domain this translates to

F j(u) = S (u) · P j(u) + N j(u), (3.2.2)
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3.2 The MOMFBD Algorithm

Figure 3.3: Telescope pupil examples:
Negative of the pupil footprints from the
Sunrise III (left, Korpi-Lagg et al. 2025)
and HINODE SOT (right, Kosugi et al.
2007) telescopes in discrete pixel space
b : V ⊂ R2 → {0, 1}.

where u ∈ U ⊂ C is the spatial frequency coordinate in a discrete region U and the
upper case symbols denote the Fourier transforms of their lower case equivalents. Per
convention, symbols with a hat (ˆ) denote an estimate of the denoted entity.

With this we can estimate the optical transfer function (OTF) as Fourier transform of
the PSF as

P̂ j = F
(
|F −1(Q̂ j)|2

)
and Q̂ j := B · exp(i · Ẑ j), (3.2.3)

where F is the Fourier transform operator and B : U → {0, 1} is a binary operator that
specifies the footprint of the telescope pupil. See Figure 3.3 for examples of a pupil
footprint.
With the notation established in Section 3.1.1.1 we parametrize the unknown phase as

Ẑ j = θ j +
∑
m∈M

a j,m · Ψ̃m, (3.2.4)

where Ψ̃m := Ψ̃m,o := Ψm/λo denotes the mode normalized with respect to the wavelength
of the object and θ j ∈ R is a factor for known channel differences (e.g. de-focus, sub pixel
registration, known aberrations). With the normalization by wavelength we can enforce
that for different objects o the coefficients a j ∈ R are identical for the same instance t.

Using only finitely many modes is numerically necessary but comes at the cost of
a systematic underestimation of the degradation caused by high-order aberrations in the
wavefront. For the mathematical theory it is irrelevant if Ψm are Karhunen-Loève Modes
or plain Zernike Polynomials. In reality, one often uses plain tip-tilt Zernikes (m = 2, 3,
see Table 3.1) and Karhunen-Loève Modes for m > 3, in order to ease numerical compu-
tation and deal with the central obstruction of the telescope pupil.

From Equation 3.2.4 each PSF is effectively given by a vector of coefficients and the
PSFs for the complete frame set can be described by θ j and a matrix

α := (a j,m)T
j∈J ,m∈M ∈ R

M×T . (3.2.5)

We established the log likelihood function for a translated Poisson process from X to
Y in Section 3.1.1.3 as:

L = −

∫
Y
µ(y) dy +

∫
Y

ln
(
µ(y)

)
M(dy) − ln

(
M(Y)!

)
, (3.2.6)

with {M(B) | B ⊂ Y} the corresponding Poisson-counting process on Y and original inte-
grable intensity function λ ∈ L1(X) is transferred via a PSF ρ as:

µ(y) :=
∫

X
ρ(y|x) λ(x) dx.
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We transfer this to our notation with M ∼ f j, ρ ∼ p, λ ∼ s. Further we define
d̂ j = s ⊛ p̂ j the translated intensity function, i.e. the noise free part of the recorded frame.
Take into account thatV is discrete and also, that we want to have the total log likelihood
for all transferred processes { f j} j∈J then Equation 3.2.6 translates to

L(d̂) =
∑
j∈J

−∑
v∈V

d̂ j(v) +
∑
v∈V

f j(v) · ln
(
d̂ j(v)

) + T, (3.2.7)

where T represents a term that does not affect maximization and is therefore ignored in
the rest of this section. We note that d̂ := (d̂ j) j∈J only depends on the parameters of
the estimated PSF, and therefore we write L(α, θ) = L(d̂) with θ = (θ j) j∈J . In terms of
maximization we are then looking for an α̃ ∈ RM×T and θ̃ ∈ RJ such that

L(α̃, θ̃) ≥ L(α, θ) ∀α ∈ RM×T ∀ θ :∈ RJ . (3.2.8)

Since convolution is linear, scaling in the form of σs ⊛ p̂ j

σ
does not change the likelihood.

Thus, we can assume that ∑
v∈V

s(v) = 1. (3.2.9)

3.2.2 Expectation-Maximization

Now we will follow Schulz (1993) to construct an expectation-maximization (EM) algo-
rithm, introduced in Section 3.1.2.1, to find such α̃ and θ̃ to satisfy Equation 3.2.8. As a
first step we give an maximization estimate for the θ j parameter of Equation 3.2.4.

Theorem 3.2.1. (compare Schulz 1993, Theorem 5.1)
The Maximum Likelihood (ML) estimate for θ j is

Θ j :=
∣∣∣ exp(iθ̃ j)

∣∣∣2 =

∑
v∈V

f j(v)

G j
(3.2.10)

with

G j :=
∑
v∈V

∣∣∣∣∣∣∣∑u∈U B(u) · exp
(
i ·

∑
m∈M

a j,m · Ψm(u)
)
· exp(−i2πvu)

∣∣∣∣∣∣∣
2

. (3.2.11)

Proof. From Equations 3.2.3 and 3.2.4 we can write p̂ j as

p̂ j(v) =

∣∣∣∣∣∣∣
∫

u∈U
B(u) · exp(iθ j) · exp

(
i ·

∑
m∈M

a j,m · Ψm(u)
)
· exp(−i2πvu) du

∣∣∣∣∣∣∣
2

=:
∣∣∣ exp(iθ j)

∣∣∣2 · g j(v), (3.2.12)
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using discrete Fourier Transform on U. We also note that G j =
∑

v g j(v − τ) is not a
function in τ. With that we can re-write the log likelihood as

L(α, θ̃) =
∑
j∈J

−∑
v∈V

∑
τ∈V

Θ jĝ j(v − τ)s(τ) +
∑
v∈V

f j(v) · ln
(
Θ j ·

(
s ⊛ g j

)
(v)

)
= −

∑
j∈J

Θ j

∑
v∈V

∑
τ∈V

ĝ j(v − τ)s(τ)


+

∑
j∈J

∑
v∈V

f j(v) ln(Θ j) +
∑
j∈J

∑
v∈V

f j(v) · ln
((

s ⊛ g j
)
(v))

)
= −

∑
j∈J

Θ jG j +
∑
j∈J

∑
v∈V

f j(v) ln(Θ j) +
∑
j∈J

∑
v∈V

f j(v) · ln
((

s ⊛ g j
)
(v)

)
. (3.2.13)

Partial differentiation for any given k ∈ J yields

∂L(α, θ̃)
∂θ̃k

= −Gk +

∑
v∈V

f j(v)

Θk
. (3.2.14)

Thus, the derivative is zero for any Θk as defined in Equation 3.2.10 and the second
derivative is negative, since all f j are strictly non-negative.

As a corollary we see that the optimal choice of θ only depends on α, hence we will
omit the parameter for the likelihood function and write

L(α) := L(α, θ). (3.2.15)

Next we want to give an iterative expectation-maximization (EM) algorithm to choose
α ∈ RM×T .

Theorem 3.2.2. (compare Schulz 1993, Theorem 5.2)
A sequence of estimates of the phase parameters updated as

ŝnew(v) = σ · ŝold(v)
∑
j∈J

∑
τ∈V

p̂old
j (τ − v)

d̂old
j (τ)

f j(τ), (3.2.16)

where σ :=
(∑

j∈J
∑

v∈V f j(v)
)−1

is the scaling factor to ensure Equation 3.2.9 holds and
p̂new

j chosen such that∑
v∈V

ξ( p̂old
j (v)) · ln

(
p̂new

j (v)
)
≥

∑
v∈V

ξ( p̂old
j (v)) · ln

(
p̂old

j (v)
)
, (3.2.17)

with

ξ(p̂ j(v)) := p̂ j(v)

∑
τ∈V

ŝold(τ − v)

d̂old
j (τ)

f j(τ)

 (3.2.18)

is an EM algorithm with
L(αnew) ≥ L(αold). (3.2.19)
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Proof. For the same scaling argument as above, we can restrict our estimates of the true
solar scene ŝ j to the set A := { s |

∑
v∈V s(v) = 1}. Further we express the observed data

{ f j(v)} via an arbitrary set of Poisson-distributed random variables f̃ j via

f j(v) =
∑
τ∈V

f̃ j(τ|v). (3.2.20)

The expected value of this data is

E[ f̃ j(τ|v)] = s(τ) · p j(τ − v). (3.2.21)

Hence,

E[ f j(v)] =
∑
τ∈V

E[ f̃ j(τ|v)] =
∑
τ∈V

s(τ) · p j(τ − v) = d j(v). (3.2.22)

The new set does not reveal any new physical meaningful information. Important is that
it is statistically consistent with the observed data as a mathematical model. With this
we now can apply the terminology of Section 3.1.2.1 of complete data { f̃ j(τ|v)} = Z and
incomplete data { f j(v)} = Y. The many-to-one relation of complete to incomplete data
h is given by Equation 3.2.20. As above we can derive a log likelihood function for the
complete data ignoring all terms, that do not depend on s or p j

L̃(s, p j) = −
∑
j∈J

∑
v∈V

∑
τ∈V

s(τ)p j(τ − v)

+
∑
j∈J

∑
v∈V

∑
τ∈V

f̃ j(τ|v) ln
(
p j(τ − v)s(τ)

)
. (3.2.23)

Now we follow the EM-algorithm description from Section 3.1.2.1 and define

Q(s, p j) := Q̃(s, p j, ŝold, p̂old
j ) = Eold

[
L̃(s, p j)

∣∣∣∣{ f j(v)}
]
, (3.2.24)

where Eold[ · |{ f j(v)}] denotes a conditioned expectation given the observed Poisson-distributed
data { f j(v)} and using the previous functions ŝold and p̂old

j for computing f j and f̃ j. With
this notation we have changed the requirement for updating the estimates from Equa-
tion 3.2.19 to

Q(ŝnew, p̂new
j ) ≥ Q(ŝold, p̂old

j ). (3.2.25)

From Equation 3.1.31 we get a concrete formulation of Q and since s, ŝ j ∈ A we can
remove one s from the formula. Further, we separate Q to a sum of two independent
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functions of s and p respectively:

Q(s, p j) = −
∑
j∈J

∑
v∈V

p j(v)

+
∑
j∈J

∑
v∈V

∑
τ∈V

Eold[ f̃ j(τ|v)
∣∣∣ f j(τ)

]
ln

(
p j(τ − v)s(v)

)
=−

∑
j∈J

∑
v∈V

p j(v) +
∑
j∈J

∑
v∈V

∑
τ∈V

Eold[ f̃ j(τ|v)
∣∣∣ f j(τ)

]
ln

(
p j(τ − v)

)
︸                                                                           ︷︷                                                                           ︸

=: Qp(p j)

+
∑
v∈V

∑
j∈J

∑
τ∈V

Eold[ f̃ j(τ|v)
∣∣∣ f j(τ)

] ln
(
s(v)

)
︸                                                     ︷︷                                                     ︸

=: Qs(s)

= Qp(p j) + Qs(s). (3.2.26)

Now, since all f̃ are mutually independent random Poisson distributed variables, we see
from Equations 3.1.32, 3.2.21, and 3.2.22 that

Eold[ f̃ j(τ|v)
∣∣∣ f j(τ)

]
=
Eold[ f̃ j(τ|v)]
Eold[ f j(τ)]

f j(τ) =
pold

j (τ − v)ŝold(v)

dold
j (τ)

f j(τ). (3.2.27)

By summing over all observed points and all frames we get

∑
j∈J

∑
τ∈V

Eold[ f̃ j(τ|v)
∣∣∣ f j(τ)

]
= ŝold(v)

∑
j∈J

∑
τ∈V

pold
j (τ − v)

dold
j (τ)

f j(τ)

=
ŝnew(v)
σ

. (3.2.28)

This allows us to re-write Qs as

Qs(ŝ) =
∑
v∈V

∑
j∈J

∑
τ∈V

Eold[ f̃ j(τ|v)
∣∣∣ f j(τ)

] ln
(
ŝv)

)
=

∑
v∈V

ŝnew(v)
σ

ln
(
ŝ(v)

)
. (3.2.29)

For this reformulation it is easy to apply the Laplace operator

∇Os(ŝ) =
(

ŝnew(v)
σ ŝ(v)

)
v∈V

. (3.2.30)

Since all scene function estimates must be positive, it is obvious that ∇Os , 0 and
∆Qs < 0 for all ŝ. Define

Λ(ŝ, λ) := Qs(ŝ) + λ

∑
v∈V

ŝ(v)

 − λ, (3.2.31)
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for λ ∈ R. For critical points of Λ we get the conditions

∂Λ

∂ŝ(w)
=

ŝnew(w)
σ ŝ(w)

+ λ = 0 (3.2.32)

and
∂Λ

∂λ
=

∑
v∈V

ŝ(v) − 1 = 0. (3.2.33)

For λ , 0 Condition 3.2.32 can be rearranged to

ŝ(w) = −
ŝnew(w)
σλ

. (3.2.34)

Plugging that into Condition 3.2.33 yields

0 = 1 +
∑
v∈V

ŝnew(v)
σλ

⇔ − λ =
∑
v∈V

ŝnew(v)
σ

=
1
σ
. (3.2.35)

Now we plug this result into Equation 3.2.34 and found the maximum at snew.
Revisiting Equation 3.2.27 for f̃ j(τ|τ − v) we get

∑
τ∈V

Eold[ f̃ j(τ|τ − v)
∣∣∣ f j(τ)

]
=

∑
τ∈V

p̂old
j (v)ŝold(τ − v)

dold
j (τ)

f j(τ)

= p̂old
j (v)

∑
τ∈V

ŝold(τ − v)
dold

j (τ)
f j(τ)

= ξ( p̂old
j (v)). (3.2.36)

With this above we can rearrange Qp in the form below:

Qp(p j) =
∑
j∈J

−∑
v∈V

p j(v) +
∑
τ∈V

∑
v∈V

Eold[ f̃ j(τ|v)
∣∣∣ f j(τ)

]
ln

(
p j(τ − v)

)
v=τ−w
=

∑
j∈J

−∑
v∈V

p j(v) +
∑
τ∈V

∑
w∈V

Eold[ f̃ j(τ|τ − w)
∣∣∣ f j(τ)

]
ln

(
p j(w)

)
=

∑
j∈J

−∑
v∈V

p j(v) +
∑
w∈V

ξ( p̂old
j (w)) ln

(
p j(w)

) . (3.2.37)

We see that for p̃ j := ξ( p̂old
j ) we find a maximum, since

∂Qp(p j)
∂pl

= −
∑
v∈V

1 +
∑
v∈V

ξ(p̂old
l (v))

pl(v)
,

and the second derivative is always negative.
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The theorem gave us the flexibility to "choose" the PSF (via p̂ j) under a specific condition.
Next, we want to give an explicit algorithm to construct p̂new

j . We again follow Schulz
(1993) for this. The idea is to use the Gerchberg-Saxton algorithm, as introduced in
Section 3.1.2.2. However, the GS algorithm requires measurements in the image and
diffraction plane. We therefore need to show how this algorithm is applicable here.

Revisiting Equation 3.2.12, which gives p̂ j, we can think of {
√

p̂ j(v) | v ∈ V} as
image- and of {B(u) | u ∈ U} as corresponding diffraction-plane magnitudes. Assume
{
√
ξ(p̂ j(v)) | v ∈ V}, with ξ(·) as defined in Equation 3.2.18, to be a measurement of

the image domain magnitude. Remember the definition of the phase function in Equa-
tion 3.2.4:

Ẑ j(u) := θ j +
∑
m∈M

a j,m · Ψm(u),

where Ψ denotes the Zernicke or KL modes. As already noticed, Ẑ j(u) is given by the
vector (a j,m). To construct p̂new

j , we need to construct Ẑnew
j or (a j,m)new respectively. The

GS iteration step to do so could then condensed into one equation:

Ẑnew
j (u) = P

(
F ∗

[√
ξ( p̂old

j (v)) · exp
(
i · P

[
p̃old

j (v)
])])

. (3.2.38)

Where P(x) denotes the phase of a complex x and

p̃__
j (v) := F

(
B(u) exp

(
iẐ__

j (u)
))
.

The Image plane convergence criteria, derived from the image plane error of the GS algo-
rithm as given in Equation 3.1.37, now translates to

∑
v∈V

∣∣∣∣∣[ξ(p̂old
j (v)

)]1/2
−

[
p̂old

j (v)
]1/2

∣∣∣∣∣2 −∑
v∈V

∣∣∣∣∣[ξ(p̂old
j (v)

)]1/2
−

[
p̂new

j (v)
]1/2

∣∣∣∣∣2
= 2

∑
v∈V

[
ξ
(
p̂old

j (v)
)]1/2

([
p̂new

j (v)
]1/2
−

[
p̂old

j (v)
]1/2

)

= 2
∑
v∈V

[
ξ
(
p̂old

j (v)
)]1/2 [

p̂new
j (v)

]1/2

1 −
 p̂old

j (v)

p̂new
j (v)

1/2
≥ 0. (3.2.39)

We can also reformulate the condition on the PSF from the EM algorithm, given in Equa-
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tion 3.2.17, to∑
v∈V

ξ( p̂old
j (v)) · ln

(
p̂new

j (v)
)
−

∑
v∈V

ξ(p̂old
j (v)) · ln

(
p̂old

j (v)
)

=
∑
v∈V

ξ(p̂old
j (v)) ln

 p̂new
j (v)

p̂old
j (v)


= 2

∑
v∈V

ξ( p̂old
j (v)) ln


 p̂new

j (v)

p̂old
j (v)

1/2
(∗)
≥ 2

∑
v∈V

ξ( p̂old
j (v))

1 −
 p̂old

j (v)

p̂new
j (v)

1/2
(!)
≥ 0. (3.2.40)

Here (∗) holds since ln(x) ≤ x−1 and r ln(x) = ln(xr) imply ln(x) ≥ 1− x−1 and inequality
(!) is the reformulation of the condition. Because of the similarity of these conditions, we
can expect that an update of p̂ j according to Equation 3.2.38 fulfills the requirement on
the EM algorithm in Equation 3.2.17. We therefore define

p̂new
j :=

 p̃ j(v), if E( p̃ j) ≥ E( p̂old
j )

p̂old
j (v), else,

(3.2.41)

with
E(x) :=

∑
v∈V

ξ( p̂old
j (v)) · ln

(
x(v)

)
.

For the cases where we keep p̂old
j we rely on the update of ŝnew, as defined in Equa-

tion 3.2.16, to maximize the likelihood function in the current iteration.

3.2.3 Object free error metric
As a last step we now need to reduce the metric to a form that does not depend on the true
solar scene, which cannot be known, but only on estimated quantities and the recorded
data frames as constructed above. Let’s remind ourselves that the recorded images can
be described as f j(v) = (s ⊛ p j)(v) + n j(v), where p j is the PSF, s the true solar scene
and n a Gaussian noise term. Thus, we are in the case of Additive White Gaussian Noise
(AWGN) where maximizing the likelihood (as we did in the previous chapter) is equiva-
lent to finding the "minimum distance" (as means square error (MSE)4) to the truth data.

As convolution is easier described and understood in Fourier space we use the trans-
lated equation F j = S P j + N j and minimize the equivalent error metric in the frequency
domain.

L(α j) :=
∑
u∈U

∣∣∣∣F j(u) −
(
Ŝ P̂ j

)
(u)

∣∣∣∣2. (3.2.42)

4Let n ∈ N and X0, . . . , Xn ∈ R be the true data and X̂0, . . . , X̂n ∈ R the corresponding predictions, then

MSE :=
1
n

n∑
i=0

(
Xi − X̂i

)2
.
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We use the Wiener deconvolution to reconstruct the solar scene. The corresponding
formula is well known in the literature (see for instance Gonzalez et al. 2003, "Digital
Image Processing Using Matlab", p. 173f):

Ŝ j =
P̂∗jE[S ∗S ]F j

|P̂ j|
2E[S ∗S ] + E[N∗j N j]

, (3.2.43)

where the superscript asterisk (∗) denotes complex conjugation. As we assumed N j to
be white noise we can consider the spectral densities of S and N j to be constant. Define
γ := E[N∗j N j]/E[S ∗S ], then we can re-write the above equation as

Ŝ j =
P̂∗jF j

|P̂ j|
2 + γ

. (3.2.44)

The main assumption of the MOMFBD algorithm is, that all frames from all objects and
all time steps show the same solar scene, degraded by different realizations of a random
PSF. And indeed, the main work in Section 3.2.2 was to show that we can maximize the
likelihood for the same object for all frames simultaneously. Thus, using the linearity of
the convolution (see Equation 1.3.4), we can write

1
M

∑
j∈J

P̂∗jF j∑
j∈J
|P̂ j|

2 + γ
= Ŝ =

∑
j∈J

Ŝ
M
=

1
M

∑
j∈J

P̂∗jF j

|P̂ j|
2 + γ

, (3.2.45)

where M := ♯(J ×K). Plugging this into Equation 3.2.42 yields

L(α j) =
∑
u∈U

∣∣∣∣∣∣∣∣∣∣∣∣F j(u) −

[(∑
i∈J

P̂∗i Fi

)
P̂ j

]
(u)∑

i∈J
|P̂i(u)|2 + γ

∣∣∣∣∣∣∣∣∣∣∣∣
2

. (3.2.46)

As M is constant for any given data set, it has no effect on minimization and was ignored.
To expand the | · |2 expression we have

|a − b|2 = |a|2 + |b|2 − 2Re(ab∗) ∀ a, b ∈ C.

With a = F j(u) the interesting parts are the b terms. For readability let’s ignore the
point-wise evaluation for a moment. For ab∗ we get:

F j


(∑

i∈J
P̂∗i Fi

)
P̂ j∑

i∈J
|P̂i|

2 + γ


∗

=

(∑
i∈J

P̂iF∗i

)
P̂∗jF j∑

i∈J
|P̂i|

2 + γ
.

Since (x + y)∗ = x∗ + y∗ and (xy)∗ = x∗y∗ for all x, y ∈ C. Now if we sum over j ∈ J we
see that

∑
j∈J

(∑
i∈J

P̂iF∗i

)
P̂∗jF j∑

i∈J
|P̂i|

2 + γ
=

(∑
i∈J

P̂iF∗i

) ( ∑
j∈J

P̂∗jF j

)
∑
i∈J
|P̂i|

2 + γ
=

∣∣∣∣∣∣∑i∈J P̂iF∗i

∣∣∣∣∣∣2∑
i∈J
|P̂i|

2 + γ
. (3.2.47)
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Figure 3.4: Comparison of a raw input frame and the MOMFBD reconstructed result. In
the lower-right triangle of the image an excerpt of one original frame is shown. Small-
scale features are not visible and the complete information is smeared out. In the upper-
left triangle an excerpt of the corresponding restored image is shown. In both cases the
intensity is scaled to average quiet Sun continuum intensity (Ic), the data were recorded
with FISS-SP.

Which is already real. For the b∗b part we get
(∑

i∈J
P̂∗i Fi

)
P̂ j∑

i∈J
|P̂i|

2 + γ


∗ 

(∑
i∈J

P̂∗i Fi

)
P̂ j∑

i∈J
|P̂i|

2 + γ

 =

∣∣∣∣∣∣∑i∈J P̂iF∗i

∣∣∣∣∣∣2 |P̂ j|
2

(∑
i∈J
|P̂i|

2 + γ

)2

.

Summing over j ∈ J leads to∣∣∣∣∣∣∑i∈J P̂iF∗i

∣∣∣∣∣∣2
( ∑

j∈J
|P̂ j|

2

)
(∑

i∈J
|P̂i|

2 + γ

)2

(∗)
≤

∣∣∣∣∣∣∑i∈J P̂iF∗i

∣∣∣∣∣∣2∑
i∈J
|P̂i|

2

(∗∗)
≤

(∑
i∈J
|P̂i|

2

)
·

(∑
i∈J
|Fi|

2

)
∑
i∈J
|P̂i|

2
=

∑
i∈J

|Fi|
2.

Where (∗) holds since γ ≥ 0 and (∗∗) is a special case of the Cauchy-Schwarz inequality.
Putting it all together we get

L(α) =
∑
j∈J

L(α j) ≤
∑
u∈U

2
∑
j∈J

|F j(u)|2 − 2

∣∣∣∣∣∣ ∑j∈J(F∗j P̂ j)(u)

∣∣∣∣∣∣2∑
j∈J
|P̂ j(u)|2 + γ

 . (3.2.48)

As the constant factor of 2 does not effect the Minimization, it can be ignored. And we
end up with our final error metric (Van Noort et al. 2005):

L(α) =
∑
u∈U


∑
j∈J

|F j(u)|2 −

∣∣∣∣∣∣ ∑j∈J(F∗j P̂ j)(u)

∣∣∣∣∣∣2∑
j∈J
|P̂ j(u)|2 + γ

 . (3.2.49)

Figure 3.4 presents an example comparison of a single input frame with the corre-
sponding MOMFBD restored frame using a frame recording time-span of 1.5 seconds
(540 frames) and 90 KL modes from two channels and a single object. The frames where
sub-divided in patches that lie within the isoplanatic size and later re-assembled to a single
image. The frames have been recorded with FISS-SP (see next Chapter).
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3.3 Spatial Restoration of Spectra

In this section I will give a brief mathematical outlook on the restoration algorithm for
solar spectra as described in Van Noort (2017). Due to the broadband pre-filter in our
data collection setup (see Figure 1.9), we can assume that the PSF is the same for all
wavelengths covered by the spectral sensor.

Denote the coordinates on our context sensor by (x, y) ∈ N2
0 and the coordinates on

the Sun by u, v. For spectral data the "scene" or intensity function sspectral takes three ar-
guments: The spatial coordinates u, v and the spectral coordinate λ. The two dimensional
(spatial) scene (that we have used in the previous subsection) can be written as

sspatial(u, v) =
∑
λ

sspectral(u, v, λ).

Therefore we will drop the superscripts "spectral" and "spatial" for notation purposes and
rely on context and/or the number or arguments to differentiate between those two.

Let j ∈ J = K × T be again the index of frames (compare Section 3.2.1). Let
p j(x, y|u, v) denote the PSF of the j-th frame, e.g. as extracted from MOMFBD. We can
describe the intensity value for each point (x, y) in every frame f j of our context imager
as

f j(x, y) =
∑
u,v

p j(x, y|u, v) s(u, v). (3.3.1)

Assume the slit to be perfectly aligned with the y axis of the context imager at position
x = xslit. The Zernike or KL modes can be scaled to the wavelength, yielding the same
coefficients in the description of the PSF for all wavelength points (see Section 3.2). With-
out loss of generality we can therefore assume the PSF to be the same for all wavelengths.
For the mathematical model and the numerical feasibility we further assume that the width
of the slit is negligible.5 This allows us to neglect the λ component for the convolution
function, and we can split

f j(xslit, y) =
∑
λ

d j(y, λ) =
∑
λ

∑
u,v

p j(x, y|u, v) s(u, v, λ), (3.3.2)

where d j is the j-th spectral frame. Thus, we can evaluate the formula for each wavelength
point in the spectrum independently. Both, PSF p and intensity function s, appear as
discrete matrices. We can therefore define a mapping

ν : N2
0 ∋ (u, v) 7→ n ∈ N0,

with ν(0, 0) = 0. For each point on the slit in each frame we then get a vector

aj := (a j,u,v) j,ν(u,v) :=
(
p j(xslit, y|u, v)

)
j,ν(u,v).

5In reality of course the slit is of a finite width and every wavelength point has contributions from various
adjacent wavelength. But this contribution can be minimized with an optimized slit width and should be
about the width of a pixel that would be needed to sample the image plane. See also Chapter 4 for further
details on optimal slit width selection.
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such that we can describe each spectral point as a vector product d j(xslit, y, λ) = aj
T · s(λ).

Considering all points along the slit we get

A j · s = d j := f j(xslit, ·), (3.3.3)

with a row in A j for each slit-point in each frame f j.
In general we cannot assume the contribution matrix A j to be invertible and even then,

the numerical costs to invert such a matrix for every frame are not feasible. Thus we use
the transposed matrix AT

j as a pseudo-inverse to compute

AT
j · A j · s = AT

j · d j =: b j. (3.3.4)

Consider a CMOS sensor of a size of 2k × 2k pixels. For a 1 meter class telescope
we typically cover about 60 arc-seconds with such a sensor. Scanning with a scan speed
of 0.3"/s and with a frame-rate of 60 Hz, the number of variables in such system is in the
order of 107. Modern CMOS sensors can easily exceed 4k × 4k pixels, generating even
bigger linear systems to solve.

Observational data is usually only recorded under good to moderate seeing conditions.
Under such conditions the influence of the PSF is in the range of a few arc-seconds.
We can therefore again work in patches (with dimensions along the slit and in scanning
directions) and reduce the number of variables to the numerically feasible order of e.g.,
104 per patch. Still, due to the sheer size of the linear system of equations, an iterative
method needs to be applied. This also has the advantage that a noise-damping can be
applied in every iteration step.

Since the original description in Van Noort (2017), the algorithm to solve the linear
system has evolved quite dramatically. We here give the algorithm in its current form. The
algorithm follows the idea of a Lucy-Richardson (LR) deconvolution as independently
described by Richardson (1972) and Lucy (1974). The original LR deconvolution for a
Poisson process with known PSF is given by

ŝ(k+1) := ŝ(k) ·

(
f j

ŝ(k) ⊛ p j
⊛ p∗j

)
, (3.3.5)

where k ∈ N0 is the current iteration step and p∗j is the flipped point spread function.
Shepp and Vardi (1982) have later shown that this converges to the Maximum Likelihood
(ML) estimation for ŝ if convergence is given.

In the case of spectral restoration we are confronted with an additional physical prob-
lem that we cannot neglect: Contributions from photons that are displaced by tip-tilt
movements non-parallel to the slit and partial contributions from the wings of the PSF
with an y-component. These contributions cannot simply be de-convoluted, as in the case
of an 2D image, but have to be restored from spectral frames adjacent in time. There-
fore Equation 3.3.2 is not a finite-discrete convolution, but a contribution function as a
weighted linear combination of PSF contributions. If that function would be uniform and
symmetric, it would be a classical convolution function. In general, these assumptions
do not hold. This means that, contrary to the estimation of the PSF in MOMFBD, the
assumption of isoplanatism is not valid for the application to images of solar spectra. For-
tunately, the spatial variation of the PSF is very slow within the size of a typical aperture
of a solar telescope (≪ 5 m) and is also smoothed by temporal averaging. Therefore, we
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Figure 3.5: Comparison of intensity images integrated over the whole wavelength range
and extracted from an unrestored scan (top panel) and a spatially restored scan (central
panel) with a CSI (bottom panel). Intensity is scaled to average quiet Sun intensity and
all tick marks are in pixels. The data were recorded with FISS-SP.

neglect the spatial variations and perform a pseudo Lucy-Richardson deconvolution with
the contribution operator Aj:

b(k+1)
j := b(k)

j ·

AT
j ·

d j

A j · b(k)
j

 , (3.3.6)

where the division is performed element-wise. There is no mathematical proof that Equa-
tion 3.3.6 still converges or makes sense in a physical way. However, in all cases this
algorithm was applied to, the process did converge to a meaningful solution that matches
the expectations. This can for instance be checked by comparing stacked row-wise cut-
outs from MOMFBD restored 2D context images (context scan image, CSI) with an av-
erage intensity image extracted from the restored spectral scan, as shown in Figure 3.5.
The CSI can be seen as the best case scenario, since the deconvolution of each pixel was
performed with the corresponding PSF. For the spectral camera the integration time is
usually longer and thus an averaged PSF is used. Further, the spectral restoration uses
a quasi deconvolution, as defined in Equation 3.3.6, instead of a normal deconvolution.
Therefore, the quality of the spectral image restoration can never surpass the CSI. In the
example shown in Figure 3.5, a close match of CSI and restored scan can be found in
the umbra and penumbra. In the granulation region, where the seeing effects were the
strongest, the restored scan does not fully reach the quality of the CSI. The comparison
with the unrestored scan illustrates the improvements achieved by the spectral restoration.
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The contents of this section correspond to the published article "Large aperture diffrac-
tion limited spectro-polarimetry with FISS-SP" (M. van Noort, J. Hölken , H-P. Doerr,
J. Chae, W. Cao, N. Gorceix, J. Kang, K. Ahn, and S. K. Solanki) 2025, A&A, 704, A215,
(van Noort et al. 2025).

The work among the co-authors was distributed as follows: The extension to the
FISS instrument was designed and produced by M. van Noort and H.P. Doerr. The
three of us installed and improved the setup at the Goode Solar Telescope (GST) dur-
ing multiple technical and observational campaigns and conducted the observations. I
calibrated, reduced, and demodulated the data, produced the statistics for the compari-
son with HINODE/SP and wrote the first draft of this paper, which was then iterated with
all co-authors. I further produced all plots but two.

Abstract
Context. Small-scale events measuring only tens of kilometers can have significant implications for the
overall energy state of various layers of the solar atmosphere. Current spectro-polarimetric observations
lack either spatial or spectral resolution for a comprehensive study of these small scale events.
Aims. The slit-scanning spectro-polarimetric instrument described here is designed for spectral image re-
construction and in combination with the excellent optical performance of the 1.6 meter Goode Solar Tele-
scope yields spectral hypercubes of the highest spatial and spectral resolution. Additionally, the instrument
offers a huge spectral window of more than 30 Å, allowing to observe many solar absorption lines simulta-
neously.
Methods. We extended the existing Fast Imaging Solar Spectrograph (FISS) instrument with polarimetric
capabilities, new customized cameras and a context imager. We applied numerical methods to measure and
correct for field-depended instrumental and atmospheric degradations, to obtain diffraction limited spectro-
polarimetric scans.
Results. In this work we present the instrument design, the data reduction workflow and first light results.
In comparison with a typical HINODE/SP dataset we find a higher signal-to-noise ratio in our data within
the resolution limits of the respective telescopes when utilizing the signal of all simultaneously observed
spectral lines.
Conclusions. We have obtained the first diffraction limited full Stokes spectro-polarimetric data sets recorded
with a slit-scanning spectrograph on a telescope with an aperture exceeding 1.5 meter.
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4.1 Introduction

Magnetic fields play a crucial role in a variety of prominent solar phenomena, including
sunspots, solar flares, and coronal mass ejections. Moreover, small-scale events, measur-
ing only tens of kilometers, can significantly influence the overall energy state of various
layers of the solar atmosphere. Phenomena such as magnetic reconnection or wave dissi-
pation commonly occur in both active and quiet regions. Understanding the structure and
dynamics of solar magnetic fields is essential for comprehending the solar activity cycle,
predicting space weather events, and advancing the understanding of chromospheric and
coronal heating. Hence, the deduction of magnetic fields in the photospheric and chro-
mospheric layers is critical. Spectro-polarimetry allows for the investigation and study of
these magnetic fields.

There are three principal remote sensing approaches for spectro-polarimetric observa-
tions: (1) Filtergraphs record images with high spatial resolution at different wavelengths
and scan in the spectral dimension over time. These instruments typically sample only
a few wavelength points in a given spectral line, leading to a relatively sparse spectral
resolution. (2) Spectrographs record images in the spectral and one spatial dimension,
scanning in the other spatial dimension over time. The spatial resolution of these instru-
ments usually cannot match broad-band and filtergraph images recorded at the same time
(with the same telescope). (3) Integral field, or snapshot instruments, record full spec-
tral and spatial information at the same time. Unfortunately, these instruments are so far
limited to a smaller field of view. A comprehensive overview of recent (instrumental)
developments in this field can be found in the review by Iglesias and Feller (2019).

Inversions of polarimetric observations from a spectrograph are generally more pre-
cise compared to filtergraphs, due to the better spectral sampling (see Bellot Rubio 2006,
del Toro Iniesta and Ruiz Cobo 2016). This precision is enhanced further by the many-
line inversion of spatially resolved solar observations, as suggested by Riethmüller and
Solanki (2019). They found more precise inversion outcomes and a more complete cov-
erage of atmospheric heights when employing many lines with a range of properties si-
multaneously. Their study effectively shows that by combining the signal of many spec-
tral lines the total signal content can be increased and a higher polarimetric sensitivity
reached. Modern large format detectors can observe broad spectral ranges spanning sev-
eral nanometers, making them capable of registering tens to hundreds of spectral lines
concurrently.

Restoration techniques for polarimetric filtergraphs have existed for a long time (Keller
and von der Luehe 1992). The concept of restoring spectroscopic data to remove the ef-
fects of variable instrumental or ambient optical aberrations is also not novel and was
demonstrated by Keller and Johannesson (1995) and Sütterlin and Wiehr (2000). How-
ever, their findings were not pursued further at that time. Van Noort (2017) presented
a spatial reconstruction methodology for spectral observations based on the Multi Object
Multi Frame Blind Deconvolution (MOMFBD) technique (Van Noort et al. 2005) that can
be used to close the spatial resolution gap between filtergraphs and spectrographs. The
capability to obtain spectral scans of very high spatial resolution across substantial fields
of view was therein demonstrated using data acquired at the 1-meter Swedish Solar Tele-
scope (SST, Scharmer et al. 2002a). The restored spectral data were found to be nearly
diffraction limited. Therefore, to reach an even higher spatial resolution by employing
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this technique, it must be applied to data from a telescope with a greater aperture.
In this work, we describe a modification of the Fast Imaging Solar Spectrograph

(FISS) instrument (Chae et al. 2013), installed at the 1.6-meter clear aperture Goode Solar
Telescope (GST) (Goode et al. 2010, Cao et al. 2010b, Goode and Cao 2012) at the Big
Bear Solar Observatory (BBSO) in California. The resulting FISS Spectro-Polarimeter
(FISS-SP) prototype is a slit-scanning spectro-polarimeter with diffraction-limited1 imag-
ing capability. It is specifically designed to allow for the spectral image reconstruction of
an extended 2D field of view (FOV) using the method described in Van Noort (2017), van
Noort and Doerr (2022). State-of-the-art large format cameras are utilized, accommo-
dating a spectral range exceeding 30 Å at a central wavelength of 5 241 Å. This enables
the simultaneous observation of more than 170 relevant solar absorption lines, potentially
achieving a high polarimetric sensitivity by combining the information of many lines, as
proposed by (Riethmüller and Solanki 2019).

4.2 Instrument

The Goode Solar Telescope (GST, Cao et al. 2011), is an off-axis solar telescope with a
clear aperture of 1.6m. It is located on a small artificial island in Big Bear Lake as part
of the Big Bear Solar Observatory (BBSO) and is operated by the New Jersey Institute of
Technology (NJIT). The GST houses numerous instruments, including the Fast Imaging
Solar Spectrograph (FISS, Chae et al. 2013). The FISS is a reflective high-resolution
Littrow spectrograph furnished with a fast retro-reflector scanner, designed to perform
scans of the solar surface in two chromospheric lines: the Ca ii IR line at 8542Å, and the
Hα line at 6563Å. The scanner was specifically designed to facilitate rapid scans over
a large FOV, with the specific intent to observe the propagation of waves in the solar
chromosphere. However, it was not equipped with a polarimeter due to concerns that the
Signal-to-Noise Ratio (SNR) achievable within the limited exposure times that a fast scan
allows would be insufficient.

The spectrograph could be applied to acquiring high-resolution spectro-polarimetric
scans suitable for MOMFBD reconstruction only after implementing several modifica-
tions. These could be consolidated into two separate modules, as shown in Figure 4.12.

4.2.1 Context Imager

A context imager (sometimes also referred to as a slit-jaw camera, SJC) has a long tra-
dition in solar spectroscopy as a means of qualitatively characterizing the feature that is
sampled by a particular part of the slit in a particular spectrogram. Like traditional spec-
troscopy in general, the use of a context imager has fallen out of fashion in recent years,
with many recent spectrographs lacking the ability to mount one altogether (e.g. De Wijn
and Können 2020). Since it was intended to be an imager itself, FISS does not make use
of the commonly used kind of slit that is etched into a reflecting metal coating, and also

1The Rayleigh criterion (1.22 λ/D) diffraction limit for the GST is 0.068" at 5250 Å
2Author’s note: Compare with the CAD drawing of FISS-SP (Figure 1.3) in the introduction of this

thesis.
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Figure 4.1: Schematic drawing of the FISS-SP assembly using the existing FISS spectro-
graph (center), the new FISS-SP slit unit (left) and the new spectral camera with polarizing
beam splitter (PBS) (right). Rays with different colors correspond to different points in
the field of view. In the interest of enhanced clarity, the projection of the detailed drawing
of the slit unit was rotated by 90 degrees about the vertical, and is viewed from the right.
The spectral camera with PBS unit was rotated about the optical axis of the incoming
beam and is viewed from the top-left. See the main text for more details.

does not offer the possibility to mount a context camera anywhere. Instead it makes use
of a mechanical slit, so that the width can be controlled and adjusted to the scan steps.

In our target application, however, the use of a context camera is absolutely non-
negotiable. It is needed not to characterize the features sampled by the slit, but rather
to measure the instantaneous residual PSF that is degrading the solar image even after
correction of the atmospheric seeing by the adaptive optics system. This difference in the
purpose of acquiring the data, allows for a different approach to its acquisition, since it is
not essential to know where the slit is located with the highest possible precision, like it
would be for a traditional slit-jaw camera.

Although the atmospheric seeing varies substantially across the FOV, the characteris-
tic scale of these changes is relatively large compared to the resolved spatial scales. As
a consequence, a minor error in the assumed slit position does not result in a significant
change in the PSF, and can thus be safely applied to the spectral data without introducing
a significant error. To see the slit directly in the context image, however, we must pass
the image through a re-imaging system, to re-image the slit plate onto the context camera.
Since additional optical elements are required for this, there is a high potential for intro-
ducing additional optical aberrations, originating in these optics, into the beam, that are
not present in the slit focus (a so-called non-common-path error). These non-common-
path aberrations will subsequently be included and modeled from the context images, and
wrongly applied to the spectral data, that have not been degraded by them.
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Figure 4.2: MTF for two
slit widths. A width of two
Nyquist elements (dashed) sig-
nificantly increases the damp-
ing compared to a strictly criti-
cal sampling slit (solid), result-
ing in a decrease in SNR for
spatial frequencies higher than
approx. 50% of the diffraction
limit.

Based on the above considerations, a simple solution in which the location of the slit
could not be seen in the image, but could be calibrated for, was selected, which consisted
of a 98:2 beam-splitter cube, placed directly in front of the spectrograph entrance slit.
The reflected 2% of the incoming light was split again using a 50:50 lateral displace-
ment beam-splitter, after which the detector of the context camera was placed in the focal
plane of the un-displaced transmitted beam. The laterally displaced reflected image was
projected side-by-side to the transmitted image on the detector, but de-focused by some
3.366 mm. This so-called phase-diversity (PD) channel can be used by image restoration
algorithms to better separate image information from residual wavefront errors, so that
the most accurate PSF can be obtained.

To recover the most accurate wavefront error, the filter that was used to limit the
spectral range of the spectrograph was placed before the 98:2 beamsplitter, so that any
wavefront errors introduced by that filter are also present in the context image. The width
of this filter was more than sufficient to saturate the detector of the context camera, so
that the best possible SNR in both the focused and the phase diversity channels could be
achieved.

The context camera is a Jai Spark 12000, featuring a CMOSIS CMV12000 CMOS
sensor, with a pixel size of 5.5µm, which oversamples the F/26 beam by approximately
25%. The camera is capable of a pixel output rate of more than 1.6Gpx/s, allowing for
two stripes of 65"x18"of the focal plane to be imaged at a rate of 360 frames per second.
For scanning spectroscopy, a narrow stripe along the slit is sufficient for the determination
of the PSF on the slit, and in no way limits the range over which a scan can be performed.

4.2.2 Slit library

The slit is an elongated entrance window that allows only a specific slice of light to enter
the spectrograph. Since the selected slice represents a sample of the image plane in the
direction perpendicular to the slit, it must have a width not much larger than the width
of a critical sample of the focal plane, or image information is inevitably lost. Since
diffraction on the edges of the slit causes the light entering the spectrograph to be spread
over an angle that is inversely proportional to the width of the slit, it should not be made
too narrow, or a significant fraction of the light that passes through the slit will fall outside
the grated area of the spectrograph and is lost.
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Since diffraction is wavelength dependent, so is the optimal choice of the slit width.
To allow for flexibility, a slit plate containing a collection of slits of different widths was
therefore used, covering the primary wavelength range of interest. A single slit was then
selected from the collection by co-aligning it with a mask.

For a strictly critical sampling of the focal plane, the full width at half maximum
(FWHM = λF, where F denotes the focal ratio) of the PSF is to be sampled with at
least two resolution elements. For a slit spectrograph, the dimension parallel to the slit is
simply re-imaged onto the detector where it is sampled, but the dimension perpendicular
to the direction of scanning is sampled by the slit itself.

Few solar slit spectrographs are designed for critical sampling (with HINODE/SP
(Lites et al. 2001, Kosugi et al. 2007, Tsuneta et al. 2008) as the notable exception), prob-
ably because it has two undesired consequences: 1) the diffraction on the slit effectively
halves the focal ratio in the spectral dimension, requiring larger optics and a more in-
volved optical design, and 2) less light enters the spectrograph and reaches the detector,
which is argued to reduce the SNR of the data unnecessarily. However, and perhaps some-
what counter-intuitively, a wider slit width actually decreases the signal amplitude of high
spatial frequencies.

This can be understood when taking into account the effect of the modulation transfer
of an optical system: for two optical configurations with the same throughput but with
different modulation transfer functions (MTFs), the SNR is no different, because it merely
quantifies the statistical measurement error of the intensity due to the limited number of
photons, but transmitted contrast (that is, signal amplitude) is reduced for the system with
the lower MTF.

Diffraction is just one of the components that contribute to the total system MTF,
another one is the sampling strategy (see e.g. Boreman 2001). Wider pixels, or wider
slits, lead to more averaging across a detector element, effectively reducing the transmitted
contrast. Fig. 4.2 displays the MTFs for two slit widths; one strictly Nyquist-critical slit
(λF/2, see above), and one with twice that width. Starting with spatial frequencies of
50% of the diffraction limit, the wider slit reduces transmitted contrast by a factor of

√
2

or more. This means that at 50% of the diffraction limit, the expected increase in the
SNR (a factor of

√
2, because there is twice as much light) is canceled by a decrease of

modulation transfer, and this is only getting worse with higher spatial frequencies.
This component of the detection MTF is sometimes referred to as the footprint MTF,

because it is related to the size of the sampling elements. Another component, the sam-
pling MTF, is related to the pitch of the detector elements. It however can be shown that
the sampling MTF can be neglected if the slit is scanned across the focal plane in much
finer intervals than the slit width (dithering; Boreman 2001), as it is the case in the setup
presented here.

The optimal slit width would appear to be the one yielding the highest detectibility
of the highest resolved spatial frequencies, which cannot be determined easily based on
fundamental considerations alone. It is in practice dependent on the SNR, the MTF, and
on external factors. For the setup presented in this paper, for example, a compromise had
to be found between the sampling of the focal plane and overfilling the grating, which
would result in a loss of light due to truncation of the beam. Therefore, at 525 nm, a
slit width of 10 µm was typically used instead of the 6.8 µm (0.034") required for strictly
critical sampling.
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4.2.3 Polarimetric modulator unit

To accommodate the highest possible frame rate, the polarimetric modulator unit (PMU)
was based on fast Ferroelectric Liquid Crystals (FLC). This type of Liquid Crystal (LC)
unlike nematic LCs is characterized by a fixed retardence value, of which the fast axis
can be aligned with two different directions, usually 0 and 45◦. An optimal modulation
scheme can be constructed using two such FLCs, one with a retardence of half a wave,
and one with a retardence of a quarter wave.

Unfortunately, the retardence value of FLCs is fixed, so that as the wavelength changes,
the retardence value in waves changes, which changes the efficiency of the modulation
scheme. This can be partially compensated by changing the orientation angles of the
FLCs relative to the analyzer polarizer and relative to each other. The FLCs were thus
mounted on rotation stages, so that the modulation scheme can be optimized over a rela-
tively wide wavelength range.

Many elements of the relay optics from the adaptive optics (AO) onward that feed the
FISS reflect light over considerable angles, leading to significant instrumental polariza-
tion. The loss of efficiency in specific Stokes parameters that is typically associated with
such configurations can be distributed over all Stokes parameters evenly, if the modulator
can be placed before the polarizing elements. Unfortunately, the beam properties are such
that a large modulator would be required to accomplish this, leading to compromises in
uniformity and speed. To keep the required diameter of the FLCs small, the modulator
was located immediately behind the slit, the only location in which the required diameter
is relatively small. The polarimetric efficiency is therefore not expected to be distributed
very evenly over the Stokes parameters.

4.2.4 Spectral camera

To use the spectral data for the restoration of high resolution spectro-polarimetric scans,
the spectral camera (SPC) assembly must place the camera in the focal plane of the spec-
trograph, and simultaneously analyze the modulated light polarimetrically. In the interest
of efficiency and cross-talk suppression, it is advantageous to split the beam into two
orthogonally polarized channels, before detection. Unfortunately, most techniques for
splitting orthogonally polarimetrically also split orthogonally geometrically, creating the
need for two spectral cameras.

To avoid the additional space required by a second camera, we used a polarizing beam-
splitter developed for the Fast Solar Polarimeter (FSP, Feller et al. 2014), which was de-
signed to project both orthogonally polarized beams onto a single detector. Although this
is a more compact solution, it is complicated by the off-axis design of the FISS, which is
responsible for a significant tilt of the focal plane. Although this is not a problem in itself,
the thickness of the glass the FSP beamsplitter needs to re-project the beams side-by-
side on a single detector is so large that mounting the camera parallel to the beamsplitter
exit surface causes the beam to be vignetted by the beamsplitter entrance window. To
reduce this vignetting, the camera therefore had to be mounted onto the beamsplitter at a
significant angle.

The spectral camera is a considerably modified IOI Flare 48 CXP camera, a machine
vision camera that comprises an AMS CMOSIS CMV50000 CMOS detector and two
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separate electronics boards. To characterize these cameras with sufficient accuracy for
our application, all components must be operated continuously and accurately thermally
stabilized. To achieve this, the electronics boards of the camera were embedded in a
custom built copper cooling block, allowing the detector temperature to be maintained
at a constant set value to within approximately 65mK using a two-stage Peltier based
thermal control loop.

The maximum pixel clock of this sensor exceeds 1.4Gpx/s, allowing this camera to
achieve a maximum frame rate of 30 8k×6k frames per second. The 4.6µm pixels are
somewhat smaller than desired, and oversample the focal plane by a factor of approxi-
mately 1.5 in the spatial direction, but the huge dimensions of the detector still allow for
the entire slit of approximately 60", projected side-by-side, to be accommodated.

4.2.5 Polarimetric calibration unit
Unlike many solar telescopes, the GST is pointed using a polar mount, which makes it
particularly suitable for polarimetric observations. This is because the Müller matrix of
the telescope on any given day consists of a nearly fixed matrix related to the main mirror
and some relay mirrors, followed by a rotation over the hour angle. This simple form
implies that an extensive telescope model from which this matrix can be calculated for
any set of pointing angles is not necessary, the matrix can simply be measured directly
once each day and corrected for the hour angle.

For this advantage to be exploited fully, the frame of reference of the polarimeter must
be located directly after the polar axis, so that the response of all optical elements mounted
between that point and the camera can be absorbed in a single modulation matrix. This
advantage is so large that despite the limited accessibility of this location and the large
clear aperture of at least 75mm it requires of the optical elements, the polarimetric cali-
bration unit (PCU) was mounted here (see Cao et al. 2010a, for details on instrumentation
and mirror positions).

The PCU consists of a high contrast linear polarizer (LP), followed by an achromatic
quarter wave plate (QWP), both of which are mounted inside a motorized rotation mount.
The high contrast of the LP ensures that the input light is fully polarized with a known
orientation, regardless of the polarization state of the incoming solar light, whereas the
QWP converts the linearly polarized light from the LP into a combination of Stokes pa-
rameters that can be calculated from theory based on the relative orientation of the LP
and the QWP, see for instance van Noort and Rouppe van der Voort (2008) and references
therein.
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Figure 4.3: Comparison of a single spectrum from an temporally averaged and dark- and
flatfield corrected FISS-SP flat field measurement with the FTS after convolution with
the FISS-SP SPSF. The error curve is the square difference between the convoluted FTS
and the measured profile. Vertical lines in the plot indicate magnetically very sensitive
absorption lines with an effective Landé-factor (g∗) (Shenstone and Blair 1929) greater
than 1.9.

4.3 Data reduction, calibration and restoration

4.3.1 Flat fielding & wavelength calibration
During operation, flat measurements are frequently repeated, typically once per hour. In
flat field mode the GST moves along a box pattern with a side length of 80" and a speed
of approximately 5"/sec, following a path that is free from large scale solar magnetic
features near, and optimally around, the center of the solar disk. In addition, the tip-
tilt mirror of the AO system produces a random motion with a frequency of 50 Hz and
an amplitude of approximately 9". For two minutes during this movement frames are
constantly recorded and later averaged to smear out any solar structure (yielding 3 600
frames for the SP camera and 43 200 frames for the context imager). During the setup
phase of the instrument we contrasted a two minutes flat with a five minutes flat. Both
where of the same quality and the two minutes flat was chosen as standard operation.

These flat measurements are used for flat-field correction and wavelength calibration,
to extract gain tables for sensor and slit features of the spectral-camera, and to characterize
the spectrograph curvature effect we use the spectroflat library (Hölken et al. 2024)3.
The atlas-fit library from the same publication is used for the continuum correction
and wavelength calibration, by contrasting the spectrum of an averaged and reduced flat
field measurement with the solar atlas recorded with the Kitt Peak Fourier Transform
Spectrometer (Neckel 1999), hereafter FTS. Figure 4.3 presents a wavelength calibrated
single row spectrum from a FISS-SP flat field measurement.

3Author’s note: Reproduced as Chapter 2 in this thesis.
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Figure 4.4: Variation of the SPSF
core FWHM in spatial and spec-
tral dimensions of the transmitted
FISS-SP beam lit area. Contours
are added to highlight the shape of
the degradation.

4.3.2 Straylight and spectral PSF

Ideally, the spectrograph’s spectral PSF (SPSF) would be measured using a laser, but this
possibility did not exist in the given setup. Unfortunately, the effect of gray stray light
and an extended SPSF on the spectrum are very similar, and therefore they cannot be
determined independently from a solar spectrum.

In a first step we determined the gray spectral stray-light contribution using the ratio
of the mean intensity in the dark area on the spectrograph camera (which was shielded
by a slit mask) and the non shielded area. This resulted in rather low mean stray-light
measurements of 2.34 % and 2.61 % of the reflected and transmitted beam respectively.
In a second step we estimated the asymmetry and contribution of the grating comparing a
dark- and flatfield corrected and temporarily and spatially averaged flat field measurement
(i.e., a spatially averaged quiet Sun spectrum) with the FTS atlas. For this we convolved
the FTS with a Voigt function where we set the FWHM of the core to the theoretical value
of 9.36×10−4 nm given by the f-ratio, wavelength, pixel size and dispersion. We then fitted
the FWHM of the wings and the asymmetry factor. The best match was achieved with
an estimated wing FWHM of 2.99 × 10−4 nm and an asymmetry factor of −1.91 × 10−3.
In the last step we fixed the wing FWHM and the asymmetry factor and allowed the
core FWHM to vary spatially and spectrally. In Figure 4.3 we compare a single row
spectrum from a FISS-SP flat field measurement with the FTS atlas convolved with the
corresponding estimated SPSF and Figure 4.4 shows the variation of the core FWHM of
the field-dependent SPSF within FOV of the transmitted beam. The tilted oval structure
of the imprint is in line with the expectations for an off-axis paraboloid imager mirror on
a slightly rotated sensor.

4.3.3 Scaling and co-alignment

After the wavelength calibration both channels are already on the same uniform linear
scale in one dimension. For dual-beam recombination we extracted the keystone distor-
tion in spatial direction at multiple wavelength positions and x,y-shift factors from a scan
of a pinhole-grid target inserted in F3. After clipping to the nearest pixel a sub-pixel align-
ment was performed using an FFT shift of the reflected beam to ensure beam alignment
to a hundredth of a pixel in spatial direction.

To prepare the data we applied binning in wavelength direction by a factor of two,
yielding an effective linear dispersion of 8.38 mÅ/px, and a Fourier Transform resampling
by a factor of 4.6/5.5 in spatial direction. The latter is necessary to achieve a matching pixel
scale of the SPC and SJC sensors. Once calibrated, the alignment and de-distortion can
be applied to the data in a single processing step.
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4.3.4 Spatial Restoration of Spectra

With the data dark-corrected, flatfield corrected, and mapped onto a calibrated orthogonal
grid, we are ready to remove the effect of the residual seeing-induced image degradation
present in the data. We follow the procedure outlined in Van Noort (2017) and obtain
the PSF along the slit using the context images. With the use of the phase diversity
information, 134 modes can be fitted reliably to each patch covering approximately 5"x5".
To trace the spatial variability of the PSF, one such patch was placed every 10 pixels
(0.27") along the slit, and each burst of images is restored with 50% overlap in time with
the previous one, so that the movement of the slit across the Sun can be accurately tracked.

To obtain accurate polarimetric results with a minimum of seeing induced cross-talk,
each modulation state is restored separately using the spectral restoration technique de-
scribed in Van Noort (2017). For a given modulation state, only the subset of the PSFs that
are co-temporal with that modulation state are used, but these are obtained using the con-
text images of all modulation states in one restoration. Since the state of the MCU has no
impact on the context images, they can all be combined, so that the MFBD algorithm de-
termines the PSF of each image included in the restoration relative to the restored image.
In this way the spectral data corresponding to each polarimetric state are automatically
restored to a common frame of reference, much like in a multi-object MFBD restoration
(e.g. Van Noort et al. 2005), so that all modulated restored images are accurately aligned.
Since the PSFs used for the two polarimetric beams are identical, and the data are al-
ready aligned, no further alignment of the frames is required before demodulation and
recombination of the modulated restored images.

4.3.5 Polarimetric calibration

For the polarimetric calibration we follow the strategy used by van Noort and Rouppe
van der Voort (2008) and make measurements with the LP at four orientations with a 45
degree separation, and rotate the linear polarizer through the full 360 degrees, in steps of
5 degrees. The high density of the data points allows for an accurate fit to the data, which
is not very sensitive to errors in the dark offset or in the input light level.

The fit of the modulation matrix proceeds in two steps. In the first step the values of
the QWP retardance and the offset of its fast axis with respect to the LP are fitted together
with the modulation matrix elements to the spatial average of the data. Because this fit is
highly non-linear, a start solution needs to be given for all parameters that is already fairly
accurate, or the optimization algorithm will fail. Since the pupil location of the QWP and
LP ensures that the properties of the LP and QWP must be very close to uniform across
the FOV, in a second step they are fixed, and the modulation matrix elements are fitted for
each pixel in the FOV.

Unfortunately, the spatial and wavelength dependent calibration results were found to
show strong imprints of the spectral lines (see Figure 4.5), implying a strong dependence
of the modulation on the intensity level. Although such non-linear behavior can be the
result of a strongly nonlinear response of the detector to the illumination level, the level
of nonlinear behavior required to explain the observed behavior was found to exceed the
expected level by an order of magnitude.

A more likely scenario is that the imprints are related to the placement of the PMU
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4 The FISS-SP instrument

Figure 4.5: Cutout from the elements of the reflected beam modulation matrix around the
strongest spectral lines. Vertical is the spectral and horizontal the spatial dimension. The
colour scale of each panel is clipped at 2σ to highlight the imprints of the spectral lines
and all axis tick marks are in pixels.

inside the spectrograph. When light is reflected between the different PMU elements, it
can pass through one or both FLCs multiple times, resulting in a defocused ghost, with
a modulation that differs from that of the main beam. If the PMU is placed before the
entrance slit, this ghost is simply sampled as part of the image, and its modulation is
included in the modulation matrix. If the PMU is placed inside the spectrogaph, however,
the defocus of the ghost also blurs the spectral lines, and, if the defocus is severe enough,
the ghost can mimic a uniform, gray, but modulated straylight contribution.

Whereas in normal observations this contribution is usually only weakly polarized
and therefore not modulated strongly, in the case of a polarimetric calibration the input
light is fully polarized, and the modulation signal is strong. The measured modulation is
thus a superposition of the modulated direct and ghost images, and as the relative weight
between the two changes with the intensity, which is clearly the case for spectral lines,
the modulation matrix changes accordingly.

Since the modulation matrix of the direct and ghost images could not be determined
separately, a surface was fitted to the the modulation matrix values in the highest intensity
areas of the FOV, where the weight of the direct image is the highest and most appropriate
to the normal observation. Since the flatfielding procedure estimated the gray straylight to
be only 2.5% of the continuum intensity, the error in the modulation matrix values fitted
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Figure 4.6: Context image of the GST/TiO band camera (705.7 nm, speckle restored;
left panel) and FISS-SP context image (525.0 nm, MOMFB restored; right panel) of
the scanned region. Placement of the FISS-SP scanned region within the TiO image is
indicated by a rectangle, all tick marks are in arc-seconds. Due to the hot-spot type seeing
conditions, only a fraction of the possible FOV could be used.

in this way is estimated to be limited to approximately that fraction. The field dependent
matrix elements were calculated from this fit for the whole FOV.

To reduce the effect of the remaining calibration errors in the modulation matrix as
much as possible, a final ad-hoc cross-talk removal was carried out on the data.

4.4 Results

Two modules were added to the FISS in 2022. They extend the instrument with spectro-
polarimetric capabilities and allow for the data to be restored. The extended FISS-SP
setup was used in a number of technical and observing campaigns in 2022 and 2023.
After each FISS-SP campaign the FISS was restored to its original configuration. The
data from two of these FISS-SP campaigns were of sufficiently high quality that a good
spectral restoration could be carried out. We will use two observations to discuss the
performance of FISS-SP below.
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Figure 4.7: Spectrograph scans of similar penumbral filaments, acquired with
HINODE/SP (0.5m, 6301.5Å, deconvolved) TRIPPEL-SP@SST (0.98m, 6310.5Å, re-
stored) and FISS-SP@GST (1.6m, 5250.6Å, restored). All images show a spectral av-
erage over 0.15Å of the respective hyperspectral cubes, tick marks are labeled in arc-
seconds.

4.4.1 Observations
The first observation was a series of short scans of AR13111 recorded on the 1st of Oc-
tober 2022 at 19:42 UT at µ = 0.89 (here µ is the cosine of the heliocentric angle). The
length of each scan was approximately 6", which at a scanning speed of approximately
1.6 s per pixel took about 6 minutes to complete. In contrast to a conventional stepped
scan, we used a constantly moving slit with a scan speed of 0.04 "/sec as described in Van
Noort (2017).

The adaptive optics system managed to correct the central 10"x10" of the FOV rela-
tively well, allowing the spectral restoration to recover spatial structure with spatial scales
that are close to the diffraction limit of the telescope. Figure 4.6 provides an Overview of
the sunspot and scanned region from GST/TiO and FISS-SP context imagers.

Focusing on the first and best scan of the series, covering the central part of the main
spot of AR13111 together with an extended part of the penumbra, many structures appear
to show considerable fine structure. Particularly the heads of the penumbral filaments
appear to show signs of sub-structure, and many of them appear to be split. To place
the spatial resolution in context, a small section of the umbra-penumbra border is shown
in Figure 4.7, alongside restored scans of similar targets from HINODE/SP and TRIP-
PEL@SST. The increase in resolved structures when increasing the telescope aperture
from 0.5m to 1m to 1.6m is notable, and there is no particular indication that the high-
est resolution scan is resolving all relevant structure. Unfortunately, owing to technical
difficulties, the polarimetric calibrations of the 2022 campaigns were found to be com-
promised, and fitting the Stokes spectra proved unsuccessful.

The best scan of the 2023 campaign was a large scan of an emerging active region
(later assigned AR 13304). The observation was recorded at µ = 0.81 on May 11th 2023
starting at 17:01 (UTC) until 18:48 (UTC). The dataset includes five scans of variable
FOV around a large pore that was placed at the center to assist the AO. The largest scan
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Figure 4.8: Narrow band images (0.06 Å bandwidth) from a restored hyperspectral cube
of the May 11, 2023 observation, extracted in the red wing of the Fe i line at 5250.2 Å,
the Stokes parameters are shown in individual panels. Continuum intensity is normalized
to one, Q, U and V maps show relative signal strength. The scan direction is vertical from
bottom to top and tick marks are in arc seconds. See text for further discussion.
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covers 60". Figure 4.8 shows narrow band images of all Stokes parameters from the
restored hyperspectral cube of the best scan in the red wing of the 5250.2 Å Fe i line.
Stokes I shows various types of fine-structure as "canals" and "hairs" that have been re-
ported on high resolution broad band images (e.g., Scharmer et al. 2002b, Schlichenmaier
et al. 2016), but not yet on narrow band scan images. Clear linear polarization signals
are detected around all pores in the FOV, especially at the umbra/granulation boundary
of the main pore. The vertical lines around 20" (predominantly visible in Stokes Q) are
residual dust imprints from the slit, amplified by the restoration algorithm and deformed
by the correction for the residual atmospheric seeing. The hot-spot type seeing condition
becomes visible in the increasing noise towards the right border, again most notable in the
linear polarization signals.

A more complete overview of and access to the reduced FISS-SP data will be provided
upon request to the authors.

4.4.2 Spatial resolution
Solar images are altered during their journey from the Sun to a detector due to the Earth’s
atmospheric turbulence and telescope aperture diffraction. These cause distortion and
blurring of small structures, reducing the amplitude of high-frequency components in the
Fourier domain. The process of image restoration aims to undo these effects, and thus
restore the image to its original form. The detection of discrete events with imaging sen-
sors, however, has an inherent uncertainty, known as photon or shot-noise, resulting in
a measurement error in the Fourier phases and amplitudes. Image restoration can usu-
ally lessen Fourier phase errors significantly, while Fourier amplitude restoration is more
sensitive to data noise.

Due to diffraction on the edge of the telescope aperture, the amplitudes of the Fourier
components are reduced monotonically as a function of Fourier frequency, and vanish
completely at and beyond the highest frequency transmitted by the telescope, the so-
called diffraction limit. The larger the telescope aperture, the less the amplitude reduction
at all Fourier frequencies, and the higher the diffraction limit. The noise, however, is not
affected by these optical effects and maintains a constant power density independent of the
Fourier frequency. As images cannot be completely free of photon noise, a resolution limit
exists where the noise amplitude overwhelms the signal amplitude, making it impossible
to restore meaningful image data.

The resolution limit of the FISS-SP scans must be seen in that context. Since the
resolution limit of an image depends on the noise level, and the noise level depends on
the width of the spectral band over which the spectra are integrated, the spatial resolution
of the data is dependent on the spectral bandwidth (see van Noort and Doerr 2022, for a
more elaborate discussion of this issue.).

Figure 4.9 shows the azimuthally integrated power spectrum for Stokes I and U/I for a
selection of bandwidths. From the small difference in the power near the diffraction limit
between the integral over 16 Å and 33 Å, it can be concluded that the image information
in Stokes I is diffraction limited when integrated over all wavelengths. For Stokes U,
however, the signal level in the quiet Sun is so low, that even when accumulating all
signal in the spectral range, the resolution falls well short of that, and does not appear to
exceed 0.15".
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Figure 4.9: Power spectrum
of a quiet Sun continuum im-
age extracted from Stokes I
and U/I by integration over
one (0.008 Å) spectral bin, 3
(0.025 Å), 13 (0.109 Å), 23
(0.193 Å), half range of 1.9k
(16.07 Å) and the full range
of 3.8k (33.06 Å) spectral
bins. The vertical dashed line
marks the diffraction limit at
0.068” = 1.22 λ/D at 5250 Å.

4.4.3 Signal to noise
Besides the spatial resolution limit, the best metric of the quality of the FISS-SP data is
usually the polarimetric noise level. To compare our data to the de facto standard in this
field, HINODE/SP, it is important to make sure we compare like with like. First of all,
the FISS-SP spectral resolution is much higher than that of HINODE/SP, we therefore bin
the spectra down to 23mÅ per bin, since our spectral pixels are 3 times larger than those
of HINODE/SP. Secondly, the HINODE/SP data are usually disseminated in their raw
demodulated state, including the effect of telescope diffraction, whereas the FISS-SP data
are spatially restored. Since the photon flux for a critically sampling pixel is independent
of the telescope aperture, we convolved the data with the diffraction limited PSF of a 1.6m
telescope with a pupil function that is similar to that of the Hinode SOT, and scaled the
pixel size such that it samples the focal plane critically relative to the Rayleigh limit, as
it is for HINODE/SP data. We can now compare the noise levels in Q, U and V in the
spectral continuum, as shown in Table 4.1.

Table 4.1: RMS noise levels in the continuum for I, Q, U and V of re-degraded
FISS-SP and HINODE/SP data. For convenience the equivalent SNR in the continuum
(SNRc=RMS−1

c ) is indicated for each.

FISS-SP HINODE/SP
Stokes RMSc (10−3) SNRc RMSc (10−3) SNRc

I/Ic 4.0 250 1.0 1000
Q/Ic 5.6 179 1.0 1000
U/Ic 4.6 217 1.0 1000
V/Ic 1.7 588 1.0 1000

As is clear from the values, the FISS-SP noise is not too dissimilar from that of
HINODE/SP for Stokes V , but considerably worse for Q and U, although the noise in
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Figure 4.10: Restored Stokes spectrum and line profiles from a FISS-SP observation of
a pore in an active region. Y-axis of the left panel is in slit direction and corresponding
tick-marks are in arc seconds. The right panel shows line profiles of the 5250 Å Fe i lines
at positions marked in the left panel.

Q and U, relative to that in V , appears to be consistent with the polarimetric modulation
efficiency as measured by the polarimetric calibration.

The noise in Stokes V is surprisingly low, considering that there are many elements in
the beam that reduce the signal level of the FISS-SP data as compared to the HINODE/SP
data. The most important losses can be estimated and are listed in Table 4.2. This in-
dicates that the general noise level should be approximately 4 times higher than that of
HINODE/SP. Averaging the noise over the Stokes parameters, we get a value of 3.97·10−3

which appears to be in excellent agreement with the value of 4·10−3 expected from the
transmission estimates in table 4.2.

Table 4.2: Estimate of the transmission of the most important elements of FISS-SP as
compared to HINODE/SP.

HINODE/SP FISS-SP ratio
Atmosphere 1.0 0.7 0.70
Relay optics 0.9 0.43 0.48
Prefilter 0.9 0.85 0.94
Pixel area 1.0 0.69 0.69
Quantum efficiency 0.9 0.6 0.67
Exposure 3.2 1.6 0.50
Total 0.07

That the noise in Stokes V is actually only a factor 1.7 worse than in HINODE/SP
can be understood when we consider the noise filtering that is applied during the spec-
tral restoration procedure for FISS-SP. The limit set on the number of iterations for the
Richardson-Lucy deconvolution, which was not applied to the HINODE/SP data, pre-
vents the high frequency noise from being amplified, in effect filtering it to a very low
level when the data are then re-degraded. The HINODE/SP data, however, were com-
pressed using JPEG compression, which amounts to a small amount of filtering of the
HINODE/SP data, that was not applied to the FISS-SP data. Because the JPEG compres-
sion level can be varied and its effect on the data depends on the image content, it is not
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Figure 4.11: Spectrally averaged signal in I, Q/I, U/I, V/I of FISS-SP (left) and
HINODE/SP (right). In both cases V was multiplied with the sign of the first and Q,
U with the sign of the second derivative of I before averaging. Unlike integrating the
absolute value of the Stokes spectra, this procedure results in a predominantly unsigned
polarimetric signal, but avoids the creation of single signed noise. This ensures that when
integrating spectrally the signal accumulates, but the noise averages out. See text for fur-
ther discussion.

straightforward to work out the differences in filtering between the two data sets. We take
the noise level of the HINODE/SP data to be an upper limit of the real noise level, and
assume it would probably be a bit lower when filtered in the same way as the FISS-SP
data. All things considered, we conclude that considering the differences in the instru-
ments, the noise properties of the two data sets are consistent with each other. Since the
modulation scheme was clearly biased towards Stokes V , we have a noise level that is less
than a factor two worse than that of HINODE/SP, whereas the noise in Q and U are about
four to five times higher.

The total signal in the scan, however, is considerably higher in the FISS-SP data than
it is in the HINODE/SP data, because FISS-SP samples a much larger wavelength range
than HINODE/SP, centered on a wavelength where the spectral density of magnetically
sensitive atomic lines is relatively high. Whereas HINODE/SP has only 2 significant
spectral lines in 112 spectral bins, the FISS-SP data has more than 150 spectral lines in
3840 spectral bins. The benefits of utilizing information from many lines, even if the
signal of the individual lines is buried in the noise, was already demonstrated for stellar
spectra by Donati et al. (1997).

The increased signal content resulting from the large number of lines is immediately
clear from the example spectrum, shown in Figure 4.10, where signals from many lines
can be discerned in all Stokes parameters. The impact of collecting all this signal is
illustrated nicely in Figure 4.11, where the sign of the Stokes signals was flipped, based
on their dependence on the spectral line profile, after which the spatio-spectral cube was
integrated over all wavelengths. It is clear from the noise in Q and U that although there is
room for improvement, information on the horizontal magnetic field is present well above
the noise, at least in the strong field regions.
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4.5 Summary

We have developed and built two modules for the FISS spectrograph, currently installed at
the GST. These modules add polarimetric capabilities and a context imager to the FISS,
allowing for the acquisition of data suitable for the restoration of spectro-polarimetric
scans, and come with a significant increase of the spectral range. We refer to the combi-
nation of FISS and the new modules as FISS-SP.

The new modules were installed and tested at a wavelength of 525 nm, during several
experimental observing campaigns. Several data sets were recorded during episodes of
good seeing, that were subsequently restored using the spectral restoration technique by
Van Noort (2017).

At least two scans, and a corresponding sequence of broadband context images, could
be produced with an image resolution that approaches the diffraction limit of 0.07" over
a FOV of at least 6"×20" and 16"×36" and a spectral range of 33.06 Å. All four Stokes
parameters could be recorded.

An assessment of the noise revealed that although the restored data would appear to
be much noisier than traditional scan spectra, they actually compare relatively favorably
to traditional data when their states of reduction are properly harmonized. By making
use of the accumulated signal provided by the large number of spectral lines that can be
accommodated in the spectral range of FISS-SP, the sensitivity to atmospheric properties
should be greatly enhanced.
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The contents of this section correspond to the submitted version of the by now published
article "Towards solar many line inversion of high resolution spectro-polarimetric data"
(J. Hölken, M. van Noort, S. K. Solanki, A. Feller, H.P. Doerr, W. Cao, N. Gorceix, J.
Kang, K. Ahn, and J. Chae), 2026, A&A, 705, A220, (Hölken et al. 2026b)

I ran the inversions, created and tested the line selection method, evaluated the results
and wrote the majority of the text.

Abstract
Context. For the analysis of highly resolved solar spectra the simultaneous observation and interpretation
(inversion) of only a few (often only one) spectral lines is still the norm. With modern instruments spatially
resolved spectro-polarimetric data including many lines are available.
Aims. For the first time we combine the information from 85 simultaneously observed absorption lines on
spatially highly resolved data to test a proposed solar many-line inversion strategy.
Methods. We inverted full Stokes spectra recorded with the FISS spectro-polarimeter (FISS-SP) at the
1.6-m Goode Solar Telescope in California, using the SPINOR code. We contrasted two different setups:
one following the traditional approach of using a line doublet, and another innovative method inverting
many-lines simultaneously.
Results. Compared to results from an inversion using the two lines of a line doublet, we discovered more
fine-structure and better constrained values using the many-line technique. An average quiet Sun spectrum
was successfully reproduced using a model atmosphere, but when inverting spatially resolved data, uncer-
tainties in line parameters and blend configurations did not average out. Thus, a deliberate selection process
of lines and line blends to be added to the model was required, in order to make the many-line case converge
to a physically expected and coherent atmosphere. We successfully developed and tested such a selection
method. Another finding is that, in contrast to the improvements in the inferred atmosphere, the fit quality
decreases when many-lines are utilized.
Conclusions.Our results highlight that the many-line spectro-polarimetry method delivers more coherent
results with superior line of sight (LOS) resolution of the atmospheric structure. Moreover, it effectively
detects and utilizes even weak polarimetric signals in noisy data and thereby circumvents low noise require-
ments. It reveals uncertainties in atomic parameters of individual spectral lines and models, as the degree
of freedom to compensate for those by compromising the inferred atmospheric parameters is considerably
reduced. The study of these effects and their opportunities for enhancement of our models and tools has
just begun. The innovative many-line method presents significant potential for solar physics and should be
the preferred option for future observations with upcoming spectrographs.
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5.1 Introduction

To comprehend the solar lower atmosphere, it is essential to discern its physical features,
most notably the temperature (T ), the line-of-sight velocity (vLOS), and the magnetic field
defined by its strength (B), azimuth (ϕ), and inclination (γ). The most effective way of
determining these characteristics from observed polarization profiles is the application of
Stokes inversions. Which leads to the creation of a model atmosphere that can accurately
represent the observations, within the model’s assumptions and constraints.

In contrast to stellar physics, for the analysis of solar spectra, the simultaneous ob-
servation and inversion of only a few spectral lines is still the norm. One reason for the
limitation to a few lines is the preference for isolated, not blended, spectral lines embed-
ded in a distinct continuum, which simplifies the calibration and inversion processes. In
addition, in solar observations, much effort is invested in imaging and capturing the fast
evolution of the solar scene, which necessitates fast data retrieval. This can be accom-
plished by reducing the number of pixels to be read out from a sensor. This can be done
by restricting the field of view (FOV) or the wavelength range, with the choice typically
being to limit the wavelength range. Hence, the use of many lines simultaneously has
so far mostly been limited to the analysis of spatially low-resolution data from Fourier
Transform Spectrometers (FTS, Brault 1978).

To achieve the required high polarimetric sensitivity, measurements need to possess
a high resolution in the spatial, spectral, and temporal domains, paired with a low noise
level. Ideally, the noise should be between 10−3 and 10−5 of the continuum intensity (See
Iglesias et al. 2016, and references therein). Another way to reach the sensitivity goal is
to use the signal from many spectral lines. In the era of fast large format imaging sensors
and improved data handling capabilities, the need to observe only a few lines is no longer
so strong. Consequently, Riethmüller and Solanki (2019) suggested exploring the merits
of using many absorption lines simultaneously. They showed that the outcomes from the
many-line inversion were more precise and more robust against noise.

The diffraction-limited data from FISS-SP (van Noort et al. 2025, here Chapter 4),
the spectro-polarimetric extension of the Fast Imaging Solar Spectrograph (FISS, Chae
et al. 2013), installed at the 1.6-meter Goode Solar Telescope (GST, Goode et al. 2010,
Cao et al. 2010c, Goode and Cao 2012) at the Big Bear Solar Observatory (BBSO) ex-
ceeds a spectral range of 30 Å and covers 171 relevant absorption lines. It is, therefore,
particularly suited for such a many-line inversion technique. In this study, we present
the first application of the many-line inversion method to spatially highly resolved solar
observations and compare it with a traditional inversion approach using a line doublet.
We further discuss the necessity of, and a strategy for, the selection of lines for such a
many-line inversion.

5.2 Forward challenges and inversion problems

To appreciate the benefits and understand the challenges of solar many line inversions
better, it is essential to remind ourselves on some inherent complications of the Stokes in-
version process. The core of a Stokes inversion is the numerical solution of the differential
radiative transfer equation (RTE). If the properties of the solar atmosphere, notably tem-
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perature, velocities, and magnetic field, are known, and local thermal equilibrium (LTE)
can be assumed, the solution is relatively simple and results in synthetic I,Q,U,V-Stokes
profiles for selected line(s). Unfortunately, for spectro-polarimetric observations the op-
posite is true: The Stokes profiles are known and the configuration of the solar atmosphere
is the unknown parameter. The extraction of an descriptive atmospheric model is typically
accomplished by iterative modifications to the assumed configuration, re-calculating the
corresponding Stokes profiles, and minimizing the difference to the observed profiles.
(del Toro Iniesta and Ruiz Cobo 2016).

Unfortunately, multiple atmospheric configurations can result in identical profiles.
Moreover, as we can only observe the integral over the optical depth along the view-
ing angle, traces from different heights might cancel out or leave only a fuzzy footprint in
the profiles. This degeneracy renders it impossible to derive the complete and turbulent
stratification from observational data. Nonetheless, by employing physical assumptions
and using a micro turbulence factor to account for the fuzzy broadening, the extraction of
stratified information is possible (see, for instance, Frutiger et al. 2000, Danilovic et al.
2016, Milić and van Noort 2018, de la Cruz Rodríguez et al. 2019, Ruiz Cobo et al. 2022,
Castellanos Durán et al. 2024) The inversion problem can usually be further constrained
with the full set of Stokes parameters, but this constraint is still not perfect. For instance,
the impact of even relatively strong horizontal fields on Q, U, or V signals can be very
small. The response of the line to a change in the atmospheric configuration is intercon-
nected to the formation height of its core and wings, as outlined in Smitha et al. (2020).
Using many lines, formed at different heights, hence adds constraints at those heights al-
lowing to discern the atmospheric stratification better (See, for instance, Sütterlin et al.
1996, Riethmüller and Solanki 2019).

A crucial ingredient for the success of a Stokes inversion is the knowledge of the
atomic parameters of the observed spectral lines. Factors such as the excitation potential
of the transition’s lower energy level, the central wavelength of the spectral line, and the
weighted oscillator strength, typically given as log(g f ), significantly impact the line shape
and depth. Not all of these parameters of all spectral lines of interest are known with the
necessary accuracy from laboratory experiments (Borrero et al. 2003). The effects of a
line being in LTE or not (non-LTE, NLTE) can influence the result of an inversion in a
similar way (see, Shchukina and Trujillo Bueno 2001, Borrero and Bellot Rubio 2002,
Smitha et al. 2020, 2021). In addition, the influence of 3D NLTE and radiative transfer
effects on line profiles becomes increasingly relevant, the higher resolution of the ob-
servation is (Holzreuter and Solanki 2012, 2013, 2015). Since atomic parameters and
atmospheric configuration both influence the line profile, poorly determined parameters
and incomplete models might lead to accurate fits of an observed profile, but the inferred
parameters then might not represent the actual atmosphere. From only a single spatial
pixel and spectral line, it is comparatively difficult to affirm the accuracy of the line pa-
rameters.

Lastly, observational data is never ideal or perfect. Most notably the inevitable noise
hides subtle signals in the observed profiles and increases the range of profiles considered
to be a "good fit". This results in a further degradation of the already complex inversion
problem (van Noort 2012, Danilovic et al. 2016). Moreover, observational data is natu-
rally limited in resolution and available photons and some spatial- and temporal averaging
is inevitable. Recently, Sinjan et al. (2024) showed that this can lead to an underestimation
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5 Towards solar many-line inversions

Figure 5.1: Continuum image of the observed active region extracted from the restored
scan. The scan direction is from bottom to top along the y-axis, axis labels are in arc
seconds, the intensity is normalized to I/IC. The blue box indicates the ROI used for this
study, the black arrow indicates the direction to the disk center.

of the magnetic flux everywhere on the solar disk.
All these factors affect each other in a complex and non-linear way, making the inver-

sion of observational profiles a highly degenerate problem. The work by Riethmüller and
Solanki (2019) indicated that the consolidated signal of multiple lines can alleviate some
of these issues. Also Díaz Baso et al. (2025) found it beneficial to use multiple lines to
counteract spectral degradation and noise. Vukadinović et al. (2024) devised a method to
refine atomic parameters, like log(g f ), by combining information from multiple spectral
lines and atmospheric configurations. However, all these studies used observables syn-
thesized from numerical simulations, which circumvents some of the challenges when
dealing with observations, highlighted above. In this study we will test the performance
of many-line inversions on highly resolved solar observations.

5.3 Observations and Data Calibration

For this study we used a scan acquired with the slit-scanning spectrograph FISS covering a
spectral range of 33.06 Å. By making use of a polarimetric modulation package, resulting
in a setup referred to as FISS-SP, all four Stokes parameters could be recorded. For further
instrumentation details, please refer to van Noort et al. (2025)1.

The observation of an emerging active region was recorded at µ = 0.81 (cosine of
the heliocentric angle) on May 11th, 2023, at 17:01 (UTC). The region was later assigned
NOAA active region number AR 13 304. For this study, we used a small region of interest
(ROI) from the available data, which had a good representation of different types of solar
features. Figure 5.1 shows a continuum image extracted from the restored scan. The
ROI used here is indicated with a blue box. Throughout the data reduction process, we

1Author’s note: Reproduced as Chapter 4 of this thesis.
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followed the steps from van Noort et al. (2025). The spectroflat algorithm (Hölken
et al. 2024)2 allows for an accurate and field-dependent correction of the spectral curvature
effect, which is crucial for our goal of using absorption lines from the full spectral field
of view. We used the Kitt Peak FTS solar atlas (Neckel 1999) to perform the wavelength
calibration and also to set up the accurate wavelength scale on the averaged flat field
measurement that was closest in time, using the atlas-fit routine (Hölken et al. 2024).
Based on a comparison with the FTS atlas we estimated and corrected for a gray spectral
stray light level of 2.5%.

The applied specrestore algorithm (Van Noort 2017) solves for the undegraded
image using the seeing related point spread function (PSF) contribution to each pixel
as determined from a simultaneously recorded set of context images. In doing so, it
not only improves the contrast and resolution, but also reduces the spatial stray light
contribution to each pixel (van Noort 2012, Van Noort 2017, van Noort and Doerr 2022).
After reconstruction the data show a noise level of about one percent in all parameters,
which is comparable with other reconstructed or deconvolved datasets (see van Noort and
Doerr 2022, for a discussion). Unfiltered deconvolution is a linear operation that effects
noise and signal in the same way. It therefore cannot change the signal to noise ratio
(SNR). The Lucy-Richardson deconvolution algorithm used here only amplifies spatial
frequencies below the diffraction limit and therefore acts as a filter to frequencies where
there is only noise and no signal. Thus, the SNR of the restored data is enhanced (Barnes
2004, van Noort et al. 2025), compared to the original data.

After reconstruction we estimated the residual unpolarized wide-field spatial stray
light, that cannot be removed by deconvolution. For this we spatially averaged over the
quiet part of the scan and subtracted the resulting profile weighted by a number < 1, from
the umbral profiles. After subtracting 15% of this averaged quiet-Sun line profile, the
intensity in the cores of the strongest lines in the umbra becomes negative, producing a
hard upper limit for the residual spatial stray light. As there are no means to estimate a
lower limit in a similar way and the stray light must be below 15%, we decided to not
correct for the residual wide field stray light.

As described in van Noort et al. (2025), there is a variation of the PSF along the
wavelength dimension in the FISS-SP data. The SPINOR inversion code (Frutiger 2000,
Frutiger et al. 2000) assumes the same instrumental broadening for all lines. To allow for
a simultaneous inversion of the complete spectral range, a homogenization of the spectral
PSF was applied. For this we convolved the recorded spectra with a Gaussian that had a
spatially varying full width at half maximum (FWHM). The effective differential FWHM
was determined for each wavelength position by the difference between the FWHM of the
widest part of the spectral PSF and the FWHM at the given wavelength position.

2Author’s note: Reproduced as Chapter 2 of this thesis.
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Z Atom Abundance No. (I/II)
12 Mg 7.55 6/0
20 Ca 7.58 0/1
21 Sc 3.10 0/1
22 Ti 4.99 36/3
23 V 4.00 23/2
24 Cr 5.67 18/5
25 Mn 5.39 1/1
26 Fe 7.46 40/9
27 Co 4.92 8/3
28 Ni 6.25 7/0
39 Y 2.21 1/0
41 Nb 1.47 2/0
57 La 1.11 1/0
60 Nd 1.50 0/1
62 Sm 0.95 2/0

Table 5.1: Relevant solar absorption
lines per element and ionization state.
The full line list consists of 171 relevant
lines.

5.4 Inversion Setup

The spectrum in the observed 5250 Å region is dominated by iron, titanium, vanadium,
and chromium. Table 5.1 provides an overview of the 171 main contributors to the ab-
sorption spectrum and the used relative abundances of the respective elements. The line
information was collected from the Kurucz line list (Kurucz et al. 2009, Kurucz 2018)
and the Vienna Atomic Line Database (VALD, Ryabchikova et al. 2015, Pakhomov et al.
2019). In the few cases of discrepancies where none of the parameters could sufficiently
reproduce the lines we manually adjusted the log(g f ) until the discrepancy was minimal
on multiple selected reference pixels (Compare, Vukadinović et al. 2024). The abun-
dances are based on Asplund et al. (2021).

Riethmüller and Solanki (2019) have demonstrated the general suitability of SPINOR
for the inversion of spatially resolved many-line observations. In a pixel-by-pixel in-
version approach, information from neighboring pixels is not utilized. As discussed in
Section 5.2, observed spectra can sometimes be reproduced by different atmospheric con-
figurations without significantly affecting the χ2 values of the pixel. This could lead to a
large variance in the fitted parameters of adjacent spatial pixels, even though these contain
information from essentially the same resolution element. To avoid this salt-and-pepper
type noise and to converge into consistent maps of a spatially extended FOV, some form
of spatial regularization is necessary. Intrinsically, SPINOR inverts all pixels indepen-
dently. To use the information from adjacent pixels, we applied Gaussian smoothing to
the maps resulting from a given SPINOR execution, and applied filters to the maps of the
inclination and azimuth to keep them within the ±90◦ range. We then restarted the inver-
sion process with the smoothed maps as improved initial estimates (van Noort 2012, van
Noort et al. 2013). In this article, we use the term "iterations" to describe the number of
optimization steps SPINOR uses to fit a single pixel profile, and "cycles" for the repeated
runs of the SPINOR code with improved initial estimates introduced between them.

To verify the setup of the inversion and the atomic line parameters in use, we repli-
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Figure 5.2: Comparison of the HSRA model atmosphere with a normalized Stokes I pro-
file from an averaged FISS-SP flat field measurement. We allowed the code to adjust for
micro-turbulence and temperature offset. The bar above the profile indicates the spectral
windows R01 to R18 from Table 5.2.

cated the spectrum of an averaged FISS-SP flat-field measurement with the Harvard-
Smithsonian reference atmosphere (HSRA) (Gingerich et al. 1971), utilizing the strongest
171 absorption lines within the spectral window of the data set (Table 5.1). The average of
the flat field measurement is particularly suitable for this exercise as it is recorded in the
quiet Sun at disk centre and thus represents an averaged atmosphere, similar to the HSRA
model. We adjusted the temperature offset to match the continuum levels of the synthetic
spectrum with the observed one and further allowed the code to fit a height dependent
micro-turbulence term, while all other values are taken from HSRA. The result is shown
in Figure 5.2.

5.4.1 Spatially resolved convergence challenges

We found it almost impossible to make the code converge to a consistent and physical
solution when inverting the complete line list simultaneously on high spatial resolution
spectra. For instance, we commonly found unrealistically high field values in the centers
of granular cells, an unrealistic flow stratification, or strong inter-parameter cross-talk.
Even though we were able to reproduce the average spectrum with a slightly adjusted
HSRA model, we were not able to extract a physically meaningful spatially resolved
atmosphere from those lines. While in average quiet Sun profiles, magnetic field and
velocities are negligibly small, this might not be the case in better resolved spectra.

We tested different node setups, including number and position, to account for the
higher complexity of the spatially better resolved data, but none of them showed a signifi-
cantly better fit quality nor an atmosphere that would consistently match our expectations.
We finally adopted the configuration reported to be optimal by Danilovic et al. (2016) and
placed three height nodes at optical depth of log(τ) := log(τ5000Å) ∈ {−2.0,−0.8, 0.0}. As
atmospheric model we choose the established setup (Riethmüller et al. 2008, van Noort
2012, Castellanos Durán et al. 2024) with height dependent temperature, magnetic field
strength, LOS velocity, and microturbulence, whereas field inclination and azimuth angle
are assumed to be height-independent.

With this setup we could trace the issues with the resulting atmosphere to the selection
of lines, by inverting the data using only the 5247/5250 Fe i spectral lines. The result was
noisy and imperfect, but matched our general expectations for the selected solar scene
(details are given in Section 5.5.1). Expanding the line list again soon led to the known

119



5 Towards solar many-line inversions

Table 5.2: Overview of the 18 spectral windows sorted by central wavelength (CWL) in
Ångstrom. The No. column notes the number of atmic lines in that window and an x
in the last column marks the windows that have finally been excluded for the many-line
setup. An indication of the wavelength covered by each spectral window, R01–R18, is
included in Figure 5.2.

Id CWL Atoms No.
R01 5225.0 4×Cr, 3×Ti, Nb, Ni, Y 10 x
R02 5225.6 Cr, Fe 2
R03 5226.9 7×Fe, 4×Cr, 3×Ti, Ca, V, Y 17
R04 5228.4 Fe, Co, Ni, Y 4 x
R05 5229.8 3×Ni, 2×Fe, Ca 6 x
R06 5230.3 3×Fe, 2×Cr, 2xCo, Ca, Mn 9
R07 5232.9 Cr, Fe, Ti 3
R08 5235.5 2×Fe, Cr, Ni 4 x
R09 5237.4 2×Cr, Co, Fe, Nb, Ti, Y 7
R10 5238.8 3×Ti, 2×Fe, Cr 6
R11 5239.8 Cr, Sc, Ti 3 x
R12 5242.4 2×Fe, Co, Ni, Sc, Y 6
R13 5243.6 2×Cr, 2×Ti, Ca, Fe, Mn 7
R14 5247.2 2×Cr , Fe , Ti , V 5
R15 5250.4 2×Fe Cr, Nd 4
R16 5253.2 2xFe, La 3
R17 5254.7 3×Fe, 2×Co, 2×Cr 7
R18 5255.8 3×Fe, Ti 4

issues of atmospheric configurations outside the physical expectations. A careful exam-
ination of the lines, weights, and spectral windows and their influence on the inversion
result was thus necessary. Facing similar challenges when analyzing stellar spectra, Bigot
and Thévenin (2006) and Heiter et al. (2021) compiled lists of "well-behaved" spectral
lines that have well established atomic parameters and do not show anomalous behav-
ior. Laverick (2019) compared a large number of line parameters from many different
databases to remove systematic errors in the atomic data. They report that less than 40%
of the assessed Fe i lines had sufficiently accurate log(g f )-values. However, all these lists
focus on non-blended lines and are much too sparse for our endeavour. Therefore, we
decided to try to identify problematic lines in our observed spectral region ourselves. Un-
fortunately, simply ignoring spectral lines that are present in the observation but which
are not modelled by the inversion code, has a negative impact on the deduced atmosphere
as well. To exclude such a line, we must exclude it from the fit, which is accomplished
most conveniently by splitting the spectrum into discrete spectral windows.

We selected 18 such windows using the following three criteria: (1) The selected
spectral window is free from lines that could not be reproduced by our code, (2) a section
of continuum is present in the window, and (3) the lines within a spectral window need
to provide enough information to constrain the target atmospheric stratification on their
own.
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In areas with large velocities the spectral profiles are strongly shifted. If this shifts a
spectral line or an undescribed blend from a wavelength window with a strongly negative
influence on the inversion result into (one of) the spectral window(s), the inversion result,
again, suffers from the fact that this part of the spectrum, that should be excluded, is now
being inverted. To mitigate this problem, the offending part of the spectrum must be either
generously clipped or the border(s) of the spectral window(s) must be shifted on a per-
spatial-pixel-basis according to the velocities (once known). We used the conservative
first approach to avoid further complications in the comparison of the results. For regions
with strong lines that have a high effective Landé-g∗-factor (Shenstone and Blair 1929) we
have chosen higher weights on Stokes V , as the determination of the magnetic field from
V is less affected by residual wide-field stray light, which is unlikely to be polarized.
We then individually inverted all 18 spectral windows independently from each other.
Table 5.2 lists the spectral windows and included species that we used from our dataset.
The full set of atomic line parameters and weights used can be found in Appendix C.

5.4.2 Selection of spectral windows
From the corresponding intensity image, we identified four atmospheric features, namely
granules, intergranular lanes, umbra and umbral dots. Figure 5.3 shows, for each of these
four types of atmospheric features, the values of the atmospheric parameters temperature,
line-of-sight velocity and magnetic field strength, given at the three height nodes used for
the inversion. The individual symbols represent the mean values obtained from each of
the 18 wavelength windows listed in Table 5.2. The error bars indicate standard deviation
of the extracted atmospheric parameters per optical depth node.

While the results from most spectral windows align reasonably well, the variation in
their sensitivity under different atmospheric conditions and at height nodes is apparent.
R04, R05, and R11 all show strong deviations from the results obtained in the other
windows in the vLOS and temperature, and we excluded these spectral regions from the
final setup. The temperature at log(τ) = −2 of R09 also does not agree with the other
spectral windows. However, since the temperature is generally so well constrained, we
found that insensitivity to temperature in the higher nodes alone does not compromise the
overall result when adding the corresponding lines to our many-line inversion setup.

The photospheric field strength needs a closer look, because we found that small devi-
ations from the mean solution in this parameter have a strong influence on the combined
solution. This is especially apparent for the weak fields commonly found in granulation.
As this is barely visible in Figure 5.3, we provide a zoomed-in view of the corresponding
panel in Figure 5.4. We found that the addition of regions R01 and R08 drives the ex-
tracted atmosphere to implausible regimes. The regions R03 and R15 also show stronger
field values in the highest and lowest node respectively, but the addition of the correspond-
ing lines had no negative effect on the result of the many-line inversion. Hence, we draw
a line at approximately 650 G as the highest tolerable mean field value in granulation
pixels. In Figure 5.4, we indicate this with a dotted horizontal line.

Figure 5.5 provides a typical example of a fit and corresponding stratification from the
excluded spectral window R01. Here, the code identifies a solution with a strong magnetic
field in the lower photosphere without significant signals in Stokes Q, U, and V . Given
that this region contains two lines with an effective Landé-g∗-factor greater than 2.2, the
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Figure 5.3: Comparison of atmospheric parameters deduced from the 18 selected spectral
windows (see Table 5.2), separated by type of solar feature. Main columns show proper-
ties of granules, inter-granular lanes, bright points, umbra and umbral dots. Each column
is sub-divided (separated by dashed lines) into the values of the parameters at the different
optical depth nodes. Each row refers to one atmospheric parameter (temperature, LOS ve-
locities and field strength). Each spectral window is represented by a symbol, indicating
the mean value of the retrieved parameter from all pixels corresponding to the given phys-
ical parameter, and a range bar, indicating the standard deviation. The excluded windows
are marked with an ×-symbol. The gray entry indicates the mean of the finally used 14
spectral windows and the black entry the result from the simultaneous many line (ML)
inversion. See text for detailed discussion.

Figure 5.4: Zoom into the lower left
panel of Figure 5.3 (please refer to it
for the legend) showing the field strength
statistics for granular pixels. The thresh-
old of (≈ 650 G) is highlighted with a
dotted horizontal line.
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Figure 5.5: Typical fit and stratification for the blended region R01 including ten spectral
lines for a selected granulation pixel. Panels (a-d): Observation, and synthetic profiles in
Stokes I, V , Q, and U in relative values of I. The R01-profile corresponds to the inversion
result from the individual inversion of this region, while the ML-profile was synthesized
using the atmospheric configuration extracted from the many-line inversion result (see
Section 5.5). Panel (e-f): Continuum image (e) of the granule with the selected pixel
marked by the orange "+" and the corresponding map of the magnetic field strength (f)
in the log(τ) = 0 node. Panels (g-j): Derived stratification for temperature (g), vLOS (h),
turbulence (i) and field strength (j). The values at the log(τ) nodes are indicated with
a symbol, the line represents the spline fit. Orange is the stratification for the selected
pixel from the inversion result, green shows the mean and range of the values from the
green box indicated in the middle panel, and red shows the stratification for the many-line
atmosphere of the selected pixel.

catalyst for this solution could only be the near-continuum line broadening interpreted
as a horizontal field. This solution is possible since the magnetic field is not sufficiently
constraint from Stokes I alone and the noise in Stokes V allows this solution to satisfy the
χ2 metric. The map of the magnetic field strength in the lowest optical depth node (panel
f) shows many such field hot spots in the middle of a granule. For reference the profile
and stratification according to the final many-line result (see Section 5.5) is included. The
fit from the inversion of that region is a good representation of the observed line profile,
while the profile synthesized from the atmosphere of the final result (ML-profile) diverges
greatly. Additionally, the displacement of the ML-profile indicates disagreement in the
line wavelength position between the set of lines used in the final setup and R01.

The final line list consists of all regions from Table 5.2 that were not disregarded. Ad-
ditionally, we added three weak lines on the red side of R11 and three other weak lines
between regions R14 and R15. These lines could not be tested with the same setup as the
other lines, as they do not constrain the atmospheric stratification in the middle or upper
photosphere. Unfortunately, they are also separated from adjacent windows. However,
these shallower lines help to constrain the parameters in the lower atmosphere, where
the information can otherwise only be extracted from the wings of stronger lines. We
have carefully tested the additional lines with a reduced setup without height resolution
of magnetic field and velocities. We further compared the result before and after incorpo-
rating them into the full setup to ensure their compatibility. In total we identified 85 solar
absorption lines that do not show severe anomalous behaviour. This set includes most of
the stronger ones, distributed over 15 wavelength windows.
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5.5 Results

As stated in van Noort et al. (2025) the average FISS-SP flat field measurement reproduces
the Kitt Peak FTS atlas well. During the setup we recreated the flat field Stokes I spectrum
using HSRA model for the dominant 171 absorption lines in our spectral window and
achieved a good overall match with the temporally and spatially highly averaged profile.
The result was presented in Figure 5.2. The use of the average quiet Sun spectrum allows
us to connect to previous studies using multiple solar lines from spatially heavily averaged
profiles, for instance Balthasar (1984), Solanki and Stenflo (1984, 1985), Allende Prieto
et al. (1998), or Borrero and Bellot Rubio (2002).

Especially Fe i lines are typically weakened by overionisation in non-LTE, and thus
likely to have a somewhat too deep line-core when synthesized under the LTE assumption
(Lites and Athay 1972, Rutten 1988, Solanki and Steenbock 1988). This effect is stronger
the stronger the line. On the other hand, the HSRA model includes the temperature rise in
the chromosphere. When synthesized in LTE, this causes the rest intensities in the cores
of the deepest lines to be too high, which likely explains why the depths of the deepest 4
computed lines are almost exactly the same.

5.5.1 Fe line doublet inversions
To establish a link to other spatially extended inversion results, we treated the data in a
well-tested manner: The Fe i doublet, consisting of the 5247.05 Å and the 5250.20 Å lines,
is somewhat similar to the Fe i doublet at 6301.5 and 6302.5 Å observed by the Spectro-
Polarimeter aboard the HINODE satellite (HINODE/SP, Lites et al. 2001, Kosugi et al.
2007, Tsuneta et al. 2008). Both lines of the 5250 Fe i doublet are within the spectral range
of our dataset. Hence, we used a setup that was already successfully used many times for
the inversion of HINODE/SP data sets (e.g., Riethmüller et al. 2008, van Noort 2012, van
Noort et al. 2013, Castellanos Durán et al. 2024). With this, we inferred information on
the physical parameters of the solar atmosphere including their height stratification. The
result after 4 cycles of 75 iterations is shown in Figure 5.6.

The inferred maps feature salt-and-pepper type noise, especially in the higher tem-
perature nodes and the azimuth and inclination of the magnetic field. Also immediately
apparent is the missing granulation pattern in the low-photospheric vLOS maps. Instead,
the typical imprint of the granular and inter-granular flows can be found in the highest
node at log(τ)=−2 only, which is higher than physically anticipated, but can be explained
by the formation height of those lines. The lower two maps are dominated by patches
that resonate between the two height nodes and other parameters, most prominently with
the magnetic field strength. And also the maps of the magnetic field strength themselves
prominently show "voids" (areas with apparently no field in a strong field regime, e.g. the
umbra). We also observe the opposite: Areas with strong fields in a quiet region. These
structures are almost always simultaneously present in multiple height nodes. We will fur-
ther refer to such cross-talk and void patches as areas with implausible values (AWIV).
The fits, however, seem of a constant quality, as the corresponding χ2 map does not show
the same structures. A typical example fit is presented in Figure 5.10.

The limited information on height stratification encoded within the 5250/5247 Fe i-
line doublet is not unexpected. These lines are known to form at a very similar height and
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Figure 5.6: Maps of the temperature, LOS velocities and magnetic field strength at
log(τ) ∈ {0.0,−0.8,−2.0} and height independent inclination, azimuth, and χ2. This re-
sult is inferred with the traditional approach using the Fe i doublet that consists of the
5247.05 Å and the 5250.20 Å lines. We have used 4 cycles of 75 iterations each, the axis
tick marks are in arc-seconds. See text for discussion. In all figures negative vLOS denote
a flow towards the observer (i.e., up-flow) and positive LOS velocities denote a flow away
from the observer (i.e., down-flow).

Figure 5.7: Same as Figure 5.6, but for the final many-line setup using 2 cycles a 75
iterations and 85 Lines.
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have therefore been prominently used by Stenflo (1973) to determine magnetic field val-
ues at their formation height. Even though the lines sample the entire atmosphere where
they are formed, the sensitivity in the line wings is not enough to constrain the magnetic
stratification in multiple height nodes in many pixels in our dataset. Together with the
one percent noise level of the observation the height resolution that can be extracted from
these two lines is limited. This is especially true for gradients which are determined by
contrasting information from the line wings and line cores.

5.5.2 Many-line inversions
For the many-line (ML) setup we simultaneously inverted all lines that could be identified
as "well behaved" (see Section 5.4.2 and Appendix C). Figure 5.7 shows the inferred
atmospheric configuration after two consecutive cycles of 75 iterations each on this setup.
A third cycle was performed, but the differences to the previous result were negligible, so
that we consider the inversion to be well converged.

In the direct comparison of the atmospheres extracted using the traditional two line
approach and the new many-line approach we find that the utilization of multiple lines
with different formation heights, magnetic sensitivities, and responses is able to constrain
the inversion problem better. While the general range of values in both setups match, the
differences in the details are apparent. Compared to the result from the Fe i doublet, the
new maps show the expected granular flows and, in all parameters, less salt-and-pepper
type noise, even with only half as many cycles. In all maps, we notice a superior resolution
of the fine structures. The maps of the azimuth and inclination of the magnetic field from
the ML setup extend more coherent from the strong field into weak field regions.

Also in the ML approach we find AWIVs. However, here we find them mostly in the
form of voids restricted to the highest node of the magnetic field map, which can mostly
be explained by too steep gradients along the optical depth axis caused by the three node
setup.

Figure 5.8 presents a side-by-side comparison of some AWIVs from both setups. In
the upper two panels we show typical examples of voids in the strong field regime of the
umbra. The field gradient within the AWIV in the top left panel is reversed, suggesting
that the signal required to constrain it is obscured by noise. In the corresponding ML
columns not only the void is gone, but also more coherent fine-structure is visible. The
weak field regions in the umbra of the many-line result can be associated with flows,
for instance from umbral dots, which is expected (See for instance Schüssler and Vögler
2006, Riethmüller et al. 2008).

In the lower two panels we show typical examples from areas with weaker fields. In
the left panel the (opposite) counterpart of a field void, an area with unexpected high field,
is presented. In this case, the fitted profiles suggest that the code erroneously inferred a
horizontal field from the noise present in the linear polarization profiles. This artifact is
also not present in the atmosphere extracted with the ML setup. The lower right panel
shows a granule with surrounding intergranular lanes. In the ML-case, we are presented
with a well resolved small scale magnetic feature at the intersection of three intergranular
lanes that can be associated with a bright point. In comparison only a fuzzy trace can
be seen in the atmosphere extracted from two lines. In the ML case the combined infor-
mation extracted simultaneously from many lines not only allows for a coherent height
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Figure 5.8: Side-by-side
comparison of magnetic
field strength maps from
both setups in four example
areas. The continuum
images in the middle panel
correspond to the adjacent
field maps panel. All tick
marks are in arc seconds
and within the reference
frame of Figures 5.6 and 5.7
and are marked with white
boxes therein.

stratification and resolution of small scale events, it also eliminates most of the ambiguity
in the profile which lead to these AWIVs.

Comparing the normalized χ2 maps we find that, in contrast to the more coherent
atmosphere of the ML setup, the line doublet shows a better fit quality. This also holds
when contrasting the fitted profiles directly. Figure 5.9 presents a typical fit for Stokes I,
Q, U, and V from both setups and Figure 5.10 provides a zoom onto the two lines of the
Fe i doublet to allow for a more detailed comparison of the fits.

5.6 Discussion

We noticed that in our case the inversion of the 5247/5250 Fe i line doublet does not read-
ily lead to a coherent and physically meaningful model of the stratified solar atmosphere.
This is possibly due to the relatively high noise level in the observations. When inverting
our dataset with only those two spectral lines, spatial regularization, a reduced atmo-
spheric stratification, or intense priming with expected values would have been necessary
for the inversion code to converge further. A simplified inversion setup (for instance,
Milne-Eddington) might have produced better albeit more restricted result in the line-
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Figure 5.9: Typical example of the observed and fitted profiles for both setups. The
topmost panel shows Stokes I/IC while the other panels show relative signal strength of
V , Q, and U respectively.

Figure 5.10: Zoom in for Fig-
ure 5.9 on the two iron lines fit-
ted in the traditional approach.
Please refer there for legend. On
this scale the difference in the fit
quality, especially in I and Q be-
comes visible. We contribute the
obvious discrepancy of both fits
with Stokes U to residual, field
depended, cross-talk from Stokes
I in the data.

doublet case, but a too simple setup cannot account for the variety of lines used in the
many-line inversion. On the other hand, the setup suggestion by Danilovic et al. (2016)
strives to optimize the atmospheric model for a few-line inversion. In our many-lines case,
a more complex model might be better suited, as indicated by Riethmüller and Solanki
(2019). However, accounting for the noise in our dataset and in order to allow for a direct
comparison of the two setups we have chosen the same model for both inversions.

In the atmosphere inferred from the line doublet we find many areas where inter-
node and inter-parameter crosstalk is apparent. Often these AWIVs feature sharp borders,
where the atmospheric parameter is very different from one pixel to the other. These sharp
features are stable over multiple inversion cycles and different initial guesses, indicating
a converged solution. The corresponding χ2 map does not show the same structures and
reports a similar fit quality inside and outside the AWIV. Hence, inside an AWIV a non-
physical atmosphere reproduces the spectral profile better than a physically expected one
(compare Section 5.2). Another example for the conflict of matching fit and physically
expected atmosphere was presented in Figure 5.5.

In the ML case the combined information extracted simultaneously from many lines
facilitates the resolution of small scale structures and allows for a spatially coherent height
stratification. Especially, the typical noise-related AWIVs from the two line case are not
present in the ML case. Combining many lines simultaneously allows signal that barely
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exceeds the noise floor to be reliably used (See, Figure 5.10), as the individual signals all
constrain a common atmospheric property, which relaxes the low-noise requirement for
precise polarimetry. Utilizing lines that are diverse in formation height, Landé factor, ex-
citation and ionization potential, and strength helps constrain all atmospheric parameters
and their height stratification better, thus yielding a spatially smooth and physically more
meaningful model of the solar atmosphere with a higher level of detail.

In the ML case we found boosted coherence of the inferred atmospheric configuration
and improved noise robustness. In contradiction to this, we found the quality of the fits
reduced. As noise and fit quality are important measures for acceptance of inversion
results, both findings need to be better understood and will now be discussed further.

5.6.1 Fit quality
Combining the individual results from the 13 selected spectral windows (see Table 5.2)
into an average atmosphere closely resembles the many-line result, as can be seen from
the "Mean" and "ML" markers in Figure 5.3. This similarity is a strong indication that
the error for each spectral section is independent. Hence, the code has much less freedom
in the ML case to compromise the atmosphere in order to keep the fit quality high (see
Section 5.2). The fit to the lines in each individual window is more accurate to the simul-
taneous fit of all windows, but the individual atmospheres extracted differ slightly from
each other. Hence, a synthesized profile based on the mean atmosphere cannot reproduce
the "best fit" for any single window. Similarly, in the many-line approach the code needs
to balance the responses of all lines to find the best solution for all used lines simultane-
ously. This is almost a fitting platitude: When the number of data points increases while
the number of free parameters remains fixed, the goodness of fit usually decreases and the
credibility of the determined parameters increases. Hence, with a high number of lines
the usual global χ2 measurement becomes less meaningful, as it does not reveal the line
specific fit quality. To test for fixed patterns in the fit quality of the individual lines we
assessed the over and under estimation of the line cores, typically referred to as fit resid-
uals. We therefore computed the difference of the I/Ic intensity values in the core of all
stronger lines in the observed and fitted profiles. Figure 5.11 shows the result from var-
ious randomly selected spatial pixels from warmer and cooler regions for some selected
prominent lines. We find that for all atmospheric conditions the sum of the fit residuals
over all lines is approximately zero in each spatial pixel, which is the expected effect of
the necessary compromise to find the best global fit for all lines simultaneously.

At this stage we have already verified the reproducibility of an average quiet Sun pro-
file and excluded the groups of lines that show severe anomalous behavior. But even in the
selected line list that resulted in a coherent atmosphere with physically expected values,
we still cannot be completely certain about the atomic line parameters in use. However,
since all fitted lines show too shallow and two deep line core-fits in different pixels and
we find lines that show trends in either direction, we assume the residual uncertainties
in the log(g f ), excitation energy of the lower levels, and other line specific parameters
to partly cancel out and hence play a minor role. Another potential reason are errors in
the relative abundances, but since we found over and under estimated line cores of each
dominant species in most spatial pixels, we also found this unlikely to be the main driver.
It is nonetheless striking, that most lines show a clear and stable fit residual behavior rel-
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Figure 5.11: Typical fit residual for some example absorption lines (indicated by dashed
vertical lines). The light area marks the full range of residuals measured, the darker area
the standard deviation and the solid line the mean.

ative to the other lines (see Figure 5.11). One generic reason that we could not rule out
is that, with just three height nodes, the code cannot create the steep gradients required in
the temperature and velocity stratification to account for the different formation heights
of the lines. In the lowest atmospheric layers, steep temperature and velocity gradients
are expected. However, these gradients are difficult to constrain with a few stronger ab-
sorption lines, since this information is encoded only in the near continuum line wings.
When using many lines simultaneously each line forms at a different height and especially
weaker lines provide information about the near-continuum region. A further indication
for this are the remaining AWIVs in the topmost magnetic field map of the ML result. In
our experiments, we found that seven nodes provided a well-constrained and reasonable
temperature stratification. Unfortunately, due to the sensitivity and formation height of
the observed lines, we were unable to constrain more nodes in the magnetic field and the
Doppler velocity. However, as it currently stands, SPINOR does not permit a different
number of nodes for different atmospheric parameters, making the compromise of three
height nodes necessary.

Another generic reason might be the use of an LTE code. Lites and Athay (1972), Rut-
ten (1988), Solanki and Steenbock (1988) and later also Shchukina and Trujillo Bueno
(2001) have established that almost all neutral iron lines exhibit deviations from LTE.
Asplund (2000) suggested that good fits to the observed lines could still be obtained by
assuming LTE with an iron abundance of 7.46. Using lines with a wide range of atomic
parameters can further help to minimize these effects from NLTE, because each transi-
tion will be influenced by the NLTE effects in different (and sometimes, opposing) ways.
Indeed, Borrero and Bellot Rubio (2002) were able to fit multiple Fe lines to an aver-
age quiet Sun spectrum from an FTS atlas better than anticipated. Also Holzreuter and
Solanki (2013) found that in such heavily temporally- and spatially-averaged line profiles
NLTE effects are partially compensated. This agrees with our well reproduced average
quiet Sun spectrum (see Figure 5.2). In our targeted observation we are presented with a
spatially very highly resolved dataset from a single scan path, where the competition over
atmospheric configuration between more LTE and more NLTE lines is no longer hidden in
the average profile. Systematic departures of up to 5% (temperature) to 20% (velocities
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and magnetic field) for using LTE inversions in NLTE conditions on spatially resolved
data were demonstrated by Smitha et al. (2020, 2021).

The aim of this study was the application of the many-line technique, as suggested by
Riethmüller and Solanki (2019), to highly resolved observations. For comparability with
their work, and since SPINOR was already successfully tested for many-line inversions,
we used the same code here. We acknowledge that it is a LTE code and provides chal-
lenges in height node handling. Unfortunately, an exploration of both issues is outside the
scope of the current work.

5.6.2 Noise

The undegraded spectra exhibit a relatively high noise level, which makes the deduced
parameters less reliable (van Noort 2012). Especially in Q and U, the signal is almost
buried in the 10−2 Ic noise, and for multiple lines outside the 5247 and 5250 regions it
barely exceeds the noise floor.

In order to detect small scale features the scan speed cannot be arbitrary slow, as solar
evolution would smear out the scene (See, Iglesias and Feller 2019, Figure 1). Therefore
the number of frames accumulated per slit position cannot be higher. Further, deconvolu-
tion is needed to reach the diffraction limit and to resolve the desired small-scale features.
Consequently, a certain increased noise level is inevitable for this type of diffraction lim-
ited observation.

In van Noort et al. (2025)3 we compared the noise and signal levels of FISS-SP with
HINODE/SP. Since HINODE/SP observes two significant spectral lines over 112 spectral
pixels while FISS-SP observes more than 150 spectral lines over 3840 spectral pixels we
concluded that the total signal in our observations is considerably higher. For this study
we used 85 lines distributed over 1281 spectral pixels. Considering the filtered deconvo-
lution process applied, the SNR of FISS-SP is boosted further. Furthermore, van Noort
and Doerr (2022) argued that data taken with a bigger aperture improves the signal con-
tent across the whole frequency domain for spatial resolution elements (See Section 3.3
in their paper). Because of the enhanced SNR in the restored data, the detection of true
positive signals, especially from small-scale features, is improved (see Figure 5.8). Un-
fortunately, the higher absolute noise level of the deconvolved data remains problematic.
For instance, in regions where there is no detectable signal the noise allows fitting pro-
files with a relatively high background field (van Noort 2012, Danilovic et al. 2016). A
prominent example of such an unrealistic high field was shown in Figure 5.5. Since the
field strength is an unsigned quantity, the corresponding extracted maps may look rela-
tively coherent. In such a case the best indication for noise-driven erratic behaviour of
the inferred field (as a vector) is given by the salt-and-pepper noise in the azimuth and
inclination maps.

By combining the information from all 85 lines, weak information that might not
exceed the noise level anywhere can be reliably detected (see Figure 5.9). Similar findings
have been reported from stellar many-line approaches (Donati et al. 1997). Consequently,
the extracted stratification gradients from many-lines seem more realistic (see, Figure 5.5,
Panels g-j). This agrees with the conclusion reached by Riethmüller and Solanki (2019)

3Author’s note: Reproduced as Chapter 4 of this thesis.
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and suggests that, when many lines can be inverted simultaneously, the low-spectral-noise
requirement of 10−3 to 10−5 can be relaxed. Also Díaz Baso et al. (2025) found a higher
spectral sampling rate and undegraded data more beneficial than a lower noise level. The
authors highlight that this effect is amplified when utilizing multiple lines.

5.7 Conclusion

We used the spatially reconstructed dataset that was obtained with FISS-SP installed at
the 1.6m GST and deconvolved using the method from Van Noort (2017). We applied
the many-line inversion approach, proposed by Riethmüller and Solanki (2019), to this
diffraction limited spectro-polarimetric dataset. In line with their findings the results we
have obtained using manly-lines are more robust against noise compared with a line-
doublet inversion. The presented combination of spatial reconstruction and many-line
inversion provides a way to mitigate losses from spatial degradation and shorter inte-
gration times, a conclusion recently also drawn by Díaz Baso et al. (2025). Thus, the
approach discussed herein effectively enables us to use spectro-polarimetric data at the
diffraction limit of large aperture telescopes while maintaining the reliability of the in-
ferred atmospheric configuration. Further, the combination of the information from many
lines allows signal that barely exceeds the noise floor to be reliably used. This effect
relaxes the low-noise requirement for precise polarimetry.

Our dataset included 171 relevant absorption lines that were reasonably well repro-
duced with an HSRA based synthesis. It was therefore not expected that the inversion
problem on spatially highly resolved data would not converge to a physically meaningful
solution when incorporating all these lines. Instead we found that incorporating a line
with anomalous behaviour (e.g., because of poorly known atomic parameters) can lead to
non-physical results, potentially dominating the inversion outcome. In our tests we have
seen that this can even drive an already converged solution to a non-physical one and
hence a better initial guess of the atmospheric configuration does not suffice. These prob-
lems are not new and have been predicted already, for instance by Shchukina and Trujillo
Bueno (2001), Borrero and Bellot Rubio (2002), Borrero et al. (2003) and Smitha et al.
(2020, 2021). To avoid the inclusion of such lines with anomalous behaviour we tested
a selection strategy based on a statistical analysis of inversion results from individually
inverted wavelength windows. In our case this resulted in the selection of 85 lines for the
many-line inversion setup. Such an analysis provides a relatively cost-effective and fast
method for identifying incompatible contributions from not well understood lines.

While we had issues to extract a coherent and physically meaningful model of the
stratified solar atmosphere from two prominent lines, we have shown that such issues can
be alleviated by inverting many simultaneously observed spectral lines. Similar results
are obtained if atmospheres obtained individually from multiple simultaneously observed
spectral windows are averaged. Here, the simultaneous inversion acts as a weighted av-
erage, using the knowledge on line response functions. Although the result of averaging
inverted atmospheres obtained from a large group of spectral windows, each with a small
number of lines, somewhat resembles that obtained fitting all of the lines simultaneously,
the quality of the fitted spectrum is poorer for the latter. This is an indication that fit qual-
ity alone is not a decisive measure for the quality of the atmosphere deduced from the
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inversion process, the accuracy of the atomic parameters, (non) LTE effects and the mod-
elled complexity of the atmospheric stratification also have a significant influence. The
adverse effect of using only a limited number of spectral lines on the spatial coherence
of inversion results is at odds with the superior quality of the fit that is typically obtained
in this way. As long as the "ground truth" is unknown, coherence and physicality of the
extracted atmosphere must serve as our proxies to determine the (relative) reliability of
our results.

We have just begun to explore and analyse highly resolved solar many-line data.
Stokes inversions depend on reliable and exact atomic data, including log(g f ) values.
Since the code can no longer so freely compensate for inaccuracies in the line parame-
ters the here presented many-line technique is pointing to a need for improved values for
many lines in the solar spectrum. Further testing is required to determine if other reg-
ularization techniques and height node handling (as in SNAPI, see Milić and van Noort
2018), inversion codes that account for uncertainties in line parameters (as in globin, see
Vukadinović et al. 2024), or NLTE ready codes (as SNAPI or NICOLE, see Socas-Navarro
(2015)) can mitigate these problems.

When HINODE/SP data first arrived, the proposed Milne-Edington inversions pro-
vided many challenges (See for instance Orozco Suárez et al. 2007). Improvements of
the available tools helped overcome these challenges (See for instance van Noort 2012).
Since the decrease in fit quality we find when doing many-line inversions seems not to be
erratic, we expect that yet again improved codes and atomic models are needed to reach a
similar fit quality as we are used to from few-line inversions today. However, even though
the presented approach does not improve the quality of the fits, using many lines repre-
sents a noticeable step forward in terms of coherence, stability, and sensitivity. Finally,
it allows for a higher spatial resolution, since it is more robust against noise. Because of
the availability of modern large format sensors, we, unlike Díaz Baso et al. (2025), do
not see a strong tension between wavelength range and spectral sampling, as long as data
rates are not the limiting factor. For upcoming spectrographs we therefore strongly rec-
ommend to aim for a larger simultaneous spectral coverage to allow for such many-line
inversions. The spectro-polarimeters SUSI (Feller et al. 2025) and SCIP (Katsukawa et al.
2025 Solar Physics, submitted) on the Sunrise III observatory (Korpi-Lagg et al. 2025)
are two further examples of instruments covering a broad wavelength range containing
many spectral lines.
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The contents of this section correspond to the submitted version of the by now published
article "On the magneto-convective nature of dark striations and moving bright grains
at the edge of pores" (J. Hölken, D. Przybylski, M. van Noort, D. Cameron, S.-K. Solanki,
H.P. Doerr, W. Cao, N. Gorceix, J. Kang, K. Ahn, and J. Chae) 2026, A&A, 708, A135,
(Hölken et al. 2026a).

I ran the inversions, selected and analysed the features, performed the comparison
with the simulation (which was provided by D. Przybylski), produced all figures, and
wrote the majority of the text.

Abstract
Context. High-resolution observations of the Sun reveal a multitude of small-scale striations, everywhere in
the photosphere. While these features are well observed in broad-band intensity images, spectro-polarimetric
observations remain rare.
Aims. In this study we want to characterize small dark striations on the pore-granulation boundary and
bright grains moving along them. We aim to describe their magneto-convective nature.
Methods. We analysed restored context images and many-line Stokes inversions of a restored spectro-
polarimetric scan from GST/FISS-SP with a spatial resolution of 0.068". In the inversion we made si-
multaneous use of 85 solar absorption lines within a spectral window of 33 Å in the 5250 Å region. We
compare the observations with a MURaM simulation to discern the magneto-convective nature of striations
and grains.
Results. We find multiple dark striations in the vicinity of pores or active region intergranular lanes with
a typical width of 0.09" and moving bright grains that migrate along some of those striations towards the
adjacent pore. Grains forming in a high-resolution MURaM simulation of a pore show similar lifetimes
of about 70 sec. A comparison of the atmospheric configuration of simulated and observed grains reveals
a good qualitative agreement in structure, dynamics, as well as thermal and field stratification. The close
agreement of observation and simulation supports the interpretation of a shared underlying process. The
simulation show the dark striations are formed at the top of a convective plume and their dark appearance is
caused by plasma trapped in the field cusp at optical depth unity. The bright grains are composed of fresh
upwards convecting material.
Conclusions. By utilizing high resolution spectro-polarimetry, many-line inversions, and comparison with
a simulation we present the first analysis of the 3D fine-structure of small-scale striations and moving bright
grains in the vicinity of a pore and describe their magneto-convective nature.
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6.1 Introduction

Pores are the smaller siblings of the bigger and more thoroughly studied sunspots. Pores
vary widely in size and flux, ranging from granular scales to small sunspots. Peng et al.
(2024) recently presented a statistical comparison between pores and sunspots. The defin-
ing difference between spots and pores is the presence of a penumbra. In the absence of
a penumbra the body of a pore directly interfaces with granules. This boundary area of
pores and surrounding granulation is dominated by small scale structures such as dark
and bright striations. These features are of the order of or below 0.1 arc seconds in width.
Observations have, for instance, been reported by, Scharmer et al. (2002a), Lites et al.
(2004), Schlichenmaier et al. (2016) or Kuridze et al. (2025). Schlichenmaier et al. (2016)
further reported some of those striations to form bright grains. A spectro-polarimetric ob-
servation of dark striations and bright grains was reported by Bharti et al. (2016) using
HINODE/SP (Lites et al. 2001, Kosugi et al. 2007, Tsuneta et al. 2008), but the resolution
of HINODE/SP is not sufficient to conclusively describe these features. Recently, Zhao
et al. (2024) analysed striations found in an elongated granule. To our knowledge, no
other high resolution spectro-polarimetric description that allows to extract information
on stratification has been published so far. Kuridze et al. (2025) contrasted high-resolution
G-band images of striations forming at intergranular lanes with MURaM (Vögler et al.
2005, Rempel 2017) simulations and found a good match in the appearance of striations in
the intensity images. They proposed the fluting instability as a driver for their formation.
They however did not describe the formation of bright grains.

The data from the FISS Spectro-Polarimeter (FISS-SP, van Noort et al. 2025)1 post
focus setup at the 1.6 meter clear aperture Goode Solar Telescope (GST, Goode et al.
2010, Cao et al. 2010c, Goode and Cao 2012) at the Big Bear Solar Observatory (BBSO)
is so far the only slit-scanning spectrograph that can reach the diffraction limit in this
telescope class and can hence resolve such small scale features. In this study we use a
time series from the context imager and a many-line inverted (Riethmüller and Solanki
2019, Hölken et al. 2026b)2 spectro-polarimetric scan to describe the magneto-convective
nature of dark striations and moving bright grains found therein. We then compare the
intensity images and the inferred atmosphere with a high-resolution MURaM simulation.

6.2 Observation & Simulation

For this study we used a scan with a diffraction-limited resolution of 0.068", obtained with
the polarimetric extension of the slit-scanning Fast Imaging Solar Spectrograph (FISS,
Chae et al. 2013), referred to as FISS-SP (van Noort et al. 2025) An emerging active re-
gion was observed at µ = 0.81 (cosine of the heliocentric angle) on May 11th 2023 starting
from 17:01 (UTC) until 18:48 (UTC). The region was later assigned NOAA active region
(AR) number 13 304 and the central pore developed further into a sunspot in the following
days (Munjiba et al. 2024).

The spatial reconstruction of the spectro-polarimetric dataset was performed follow-
ing Van Noort (2017). The data reduction and inversion processes are described and

1Author’s note: Reproduced as Chapter 4 in this thesis.
2Author’s note: The Hölken et al. many-line paper is reproduced as Chapter 5 in this thesis.
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Figure 6.1: Continuum scan-image constructed from MOMFBD (Van Noort et al. 2005)
reconstructed slit positions from the FISS-SP context imager. The white arrows indicate
striations which formed grains during the observation and indicate the movement direc-
tion of the grain. The labels correspond to panels in Figure 6.2. The black arrow indicates
the direction of the disk centre.

discussed in detail in Hölken et al. (2026b). In the inversion we made simultaneous use
of 85 solar absorption lines within a spectral window of 33 Å in the 5250 Å region. For
this study, we use a slightly larger field of view (FOV), as shown in Figure 6.1, from
the same SPINOR (Frutiger et al. 2000, Frutiger 2000) inversion. Simultaneously, the
region was observed with the FISS-SP context imager. From these intensity images a
three arc seconds wide strip centred on the FISS-SP slit was restored using the Multi Ob-
ject Multi Frame Blind Deconvolution (MOMFBD, Van Noort et al. 2005) method with a
final cadence of 2.667 seconds.

We will compare the FISS-SP observation with a magnetohydrodynamic (MHD) sim-
ulation of an active region. We used the MURaM-code (Vögler et al. 2005, Rempel 2017)
to produce a model of a small pore. We use a multi-group short-characteristics radiation
transport scheme including 12 radiation bins, with the bin boundaries outlined in Beeck
et al. (2012). The simulation uses the abundances of Asplund et al. (2006), the equation
of state is generated using the FreeEoS code (Irwin 2012) and the opacities are calculated
using the MPS-ATLAS code (Witzke et al. 2021). The horizontal boundary conditions
are periodic. The upper boundary is open to outflows, closed to inflows and performs a
potential field extrapolation into the ghost cells. The lower boundary is open, and allows
passive advection of the magnetic field (OsB of (Rempel 2014)). To avoid the stringent
numerical timestep restriction from the strong magnetic fields we impose a limit on the
Alfven speed of 250 km/s using the semi-relativistic ’Boris’ correction. The simulation
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domain consists of a box with x, y, z-edge length of roughly 10 × 10 × 7 Mm, spanning
from 4.9 Mm below and 2 Mm above the average τ500 nm = 1 layer. The simulation con-
sists of 1536× 1536× 1056 gridpoints giving a regular cubiform voxel grid of ca. 6.5 km
edge length. The simulation was initiated from a magnetoconvection simulation including
only small-scale-dynamo (SSD) fields, similar to those of (Rempel 2014, Przybylski et al.
2025). An additional 400 Gauss uniform vertical field was added on top of the existing
SSD fields, and the simulation was run until the RMS magnetic field in the box saturated.
The resolution of this simulation was then increased and run for 15 minutes to allow the
small scale structure to develop. Within those 15 minutes the evolution was saved every
14.3 seconds, defining the available cadence. Our region of interest in this simulation
is the formed small pore of about 2 × 2 Mm that shows similar features as the FISS-SP
observation.

6.3 Observational Results

In our dataset we detect several dark striations bordering both the pores and strong net-
work intergranular lanes with stronger flux concentrations. The striations are best visible
on the limb side. They can have multiple shapes and may appear split or snake like. Some
of the striations form bright grains moving along or with them. Such a grain is a small
bright feature in (or directly attached to) a dark striation with an intensity that usually
surpasses the intensity of the average quiet Sun (QS). Typical examples of striations and
their grains are shown in Figure 6.2, their apparent movement can be seen in the corre-
sponding animated version. The average full width at half maximum (FWHM) of grain
hosting striations in our dataset is 0.09", with an average intensity of about 0.8 IQS and all
of them were found at the borders of the two dominant pores.

6.3.1 Broad-band intensity images

In the broadband context images we frequently observe bright grains appearing on the
pore-side half of the dark striations. From the context images we have selected nine dark
striations where the formation, evolution and decay of a grain was sufficiently sampled.
Their location and orientation is indicated with white arrows in Figure 6.1. We observe
two distinct types of such grains. The grains of Type Y are bright features between the legs
of a Y-shaped striation and the pore. Similar to the grains described by Schlichenmaier
et al. (2016) and Bharti et al. (2016). The splitting point of the striation and the grain
move simultaneous towards the pore. This bound movement is giving the impression of
the grain being pushed by the striation. In our dataset the grains A.2, B, C, F, and G
(compare, Figure 6.2 and Table 6.1) are of this type. In comparison, the grains of Type S
seem to form as a small bright dot in a strongly curved section at the side of a snake-like
striation, which seems to be transported towards the pore by the swaying motion of the
striation. Grains A.1, D and I are of this type. Grain H cannot conclusively characterized.

Since we only restored a three arc seconds wide strip from the context images, which
is centred on the FISS-SP slit and moves along with it, a scan pass with the restored
context images allows for a high cadence broad-band observation of a striation of about
200 s. Figure 6.2 presents a region of interest (ROI) from a single context image for each
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Figure 6.2: Overview of the nine striations hosting bright grains marked in Figure 6.1.
Each striation is represented by a continuum intensity image and a time-distance diagram
(TDD). The latter was extracted along the dashed line indicated in the continuum image.
The faint dotted line in the TDDs indicates the time of the adjacent context image, the
dash-dotted green diagonal lines track the observed grains in time along the slit. An
animated version of this Figure is available with the online material of (Hölken et al.
2026a).

Id orientation speed lifetime
A.1 57.79◦DC 3.6 km/s 42.13 s
A.2 57.79◦DC 3.5 km/s 71.74 s
B 24.10◦DC 2.3 km/s 80.01 s
C 4.79◦DC 2.1 km/s 103.20 s
D 24.10◦DC 3.3 km/s 64.81 s
E 41.03◦DC 3.0 km/s 80.81 s
F 24.10◦DC 2.5 km/s 77.08 s
G -17.08◦DC 2.0 km/s 51.74 s
Limb-side grains 2.97 km/s 71,44 s
H 159.10◦DC 1.2 km/s 186.40 s
I 159.10◦DC 1.8 km/s 111.48 s
Disc centre-side grains 1.47 km/s 148,94 s

Table 6.1: Apparent horizontal speed,
orientation with respect to disk cen-
tre, and lifetime of bright grains.
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6 New insights on small-scale features

grain forming striation and related time distance diagrams (TDD) that track their temporal
evolution along a slit placed parallel to the movement direction. All of the observed grains
moved towards their adjacent pore, as can be seen from the animated version of this figure.
In the TDDs we fitted a slope to each grain, indicated as dashed green lines, to estimate
lifetime and apparent horizontal speed of the grains. Table 6.1 lists the corresponding
measured lifetimes and apparent speeds.

We define the apparent rotation of a grain as deviation of its apparent movement di-
rection from an idealized straight line towards disk centre. With this the limb-side grains
A to G show rotations of -20◦ to 60◦, where 0◦ represents the idealized disk-centre line.
The grains H and I are formed on the disk-centre side of the pore and are moving towards
the nearest limb with a relative angle of about 159◦. The rotation of all grains is given
in Table 6.1. In terms of rotation, Grain F shows an anomaly in the sense that it is not
directed towards the biggest pore, but to the chain of micro-pores that connect the two
bigger pores in the dataset.

For grains A1, D, and E we did not fully catch their formation, thus the mean lifetime
of 71.44 s is a lower limit. The mean apparent speed of all those bright grains is about
2.97 km/s. From the animated version of Figure 6.2 it is clear that most striations that
form a bright grain form multiple grains in short succession.

For the two grains on the disk-centre side we find lower speeds and longer lifetimes.
The sample sizes of seven and two are too small to allow for a statistical analysis. We
speculate that the discrepancy between disk-centre and limb-side grains, if not purely
statistical, may be due to the difference in viewing angles: When we are looking along
the feature, following the apparent movement direction of the grain into the pore, we
are also looking downwards along the slope of the Wilson depression. This effect can
decrease the apparent horizontal speed. We can also not exclude multiple consecutive
grains lining up in the line of sight (LOS), which would increase the observed lifetime.

6.3.2 Stratification inferred from spectro-polarimetric scan
Unfortunately, not all grains that can be seen in the context camera, are observed with
the spectrograph, as the slit covers only one row in the centre of the context camera and
the average lifetime of a grain is less than half of the coverage with the context imager.
However, the grains B, C, and F were observed with the slit. A cut through the stratified
atmosphere, as obtained from the many-line inversions of the polarised FISS-SP spectra,
of striation and grain B is presented in Figure 6.3, the other two in Appendix B.

The observed temperature stratification aligns well with the expectations: We observe
a cooler striation and a hotter grain in the lower photosphere, while the upper photospheric
temperature seems to be partly determined by the expanding field of the pore.

We find a magnetic canopy with a strongly inclined field spanning from the pore body
over the granule (see, Figure 6.3 panel d). The figure shows the structure as a function
of optical depth in log(τ) and distance along the slit. The canopy like configuration of
the magnetic field, therefore, not necessarily corresponds to an actual inclination of the
field vector. From Stokes Q and U we inferred an height independent LOS inclination
angle. The extracted mean inclination along this funnel is 72.3◦ (with 0◦ parallel to LOS)
and after correction for the angle of incidence (AOI) we get ≈53◦ (with 0◦ being parallel
to surface normal). We further observe a secondary magnetic enhancement in the lower
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Figure 6.3: Stratification and context of bright Grain B. Panel (a) presents an FISS-SP in-
tegrated intensity image from the restored scan. The white dashed line indicates the area
shown in the other panels. The remaining three panels show cuts through: (b) the temper-
ature (T ), (c) line of sight velocities (vLOS), and (d) field strength (B) stratification. The
vertical axis of all three panels represents height in log(τ), indicated on the left of panel
(b). The SPINOR nodes are indicated with dashed gray horizontal lines, the beginning
and end of the grain, based on the intensity image, is marked with white dashed vertical
lines in panels b, c, and d, and with a white | in panel (a). In panel (d) the dotted line
indicates azimuth angle and dash-dotted line indicates inclination of the magnetic field
corresponding to the y axis of panel (d). Here, 0◦ is parallel to the LOS, the value range
is ±90◦. In all figures negative vLOS denote a flow towards the observer (i.e., up-flow) and
positive LOS velocities denote a flow away from the observer (i.e., down-flow).

Figure 6.4: Same as Figure 6.3 but through an adjacent striation that did not form a grain
during observation.
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Figure 6.5: Same as Figure 6.3 but perpendicular to the striations. Here, the +-markings
in panel (a) and the corresponding white dashed vertical lines in panels (b-d) mark the
centre of the striations, based on the intensity image.

log(τ)-layers in the wake of the spectroscopically observed grains B, C and F (see also,
Appendix B). We defer its discussion to Section 6.4, where we compare our observations
with a simulation.

The canopy like field configuration is also observed along striations that did not form
a grain during our observation. A typical example is shown in Figure 6.4. In such "quiet"
striations we further observe a consistent vLOS downflow signature, typically in the order
of 1.5 km/s, over the full length of the feature. In contrast we observe a structured vLOS

pattern in the wake of the grains. All three grains show signatures of a strong upflow
following the temperature enhancement in the lower photosphere and a strong downflow
in front of it and show additional small-scale alternations between upward and downward
flows. We find secondary magnetic enhancements and structured vLOS pattern only in
striations that form grains, but in none of the others.

Cuts perpendicular to the striations, as shown in Figure 6.5, reveal a clear correlation
of the striations with lower temperature, especially in the lower atmospheric layers, but
visible even in the upper part of the inverted atmosphere. The vLOS is dominated by a hot
downflow, even in the middle of the cut granule. A ring of such hot downflows can be
clearly seen in the low photosphere vLOS maps around all pores in our dataset (see, Hölken
et al. 2026b, Figure 7 or Appendix B), which is expected (Stein and Nordlund 2000, Bharti
et al. 2016). In Figure 6.5 this downflow is interrupted with the upflow associated with
the grain forming striation on the left (Grain B, shown in Figure 6.3) and two regions with
weak (up-)flows left and right to the striation on the right (shown in Figure 6.4).

The magnetic field configuration presented in Figure 6.5 shows roughly the same in-
clination inside and outside a striation. However, in terms of optical depth, the expanding
field from the pore seems to be elevated above the striations. Outside the striations it is
detected from log(τ)=−0.8 upwards, while above the striation the canopy field is detected
more around log(τ)=−1.8. If this is caused by an increased opacity gradient or a real ele-
vation of the field cannot be conclusively decided from the 3D atmospheric model based
on inversions. In the lower nodes we find the secondary magnetic enhancement in the
left striation, as already seen in Figure 6.3. In the right striation we find a weak magnetic
enhancement, co-aligned with the weak vLOS upflow just to the right of the striation.
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Figure 6.6: Same as Figure 6.3 but for a dark striation perpendicular to a dark intergranular
lane.

As mentioned earlier, dark striations are not only observed near pores. In our dataset
we also find them next to strong intergranular lanes (IGL). Figure 6.6 shows a cut through
the stratified atmosphere along such an IGL striation. The location of this example is
indicated with a white line marked ’IGL’ in Figure 6.1. As in all other cases we find an
expanding magnetic element, forming in the IGL. The mean AOI-corrected field inclina-
tion angle is about 54◦, which is similar to the canopy we found at the pore boundary.
We did not resolve any grains forming at IGL striations. We find a consistent downflow
pattern in the IGL striations, similar to the pattern we find in the pore-striations that did
not form a grain during our observation (compare Figure 6.4). Given these similarities
we conclude that striations forming on strong IGLs and on the border of pores are of the
same type.

6.4 Comparison with a MURaM simulation

In the presented observations, we find the grains enclosed in the legs of a split dark stri-
ation (Y-Type) or adjacent to a strongly curved striation (S-Type) to be associated with a
secondary magnetic enhancement in the lower photosphere. These enhancements, which
are observed in the wake of the apparent movement direction of the grains, could not be
explained from the inferred atmospheric snapshot. Further, the typical swaying, snake
like movement of the dark striations (See animation of Figure 6.2) hints towards the exis-
tence of an instability, for instance fluting and Rayleigh–Taylor instabilities, which could
both lead to these kind of finger like structures.

To deepen our understanding of the underlying processes we compared the atmo-
sphere extracted from an observation with a MURaM simulation, shown in Figure 6.7.
Our region of interest in this simulation is the formed small pore of about 2 × 2 Mm
that shows similar features to the FISS-SP observation: On the pore umbra/granulation
boundary in the simulation we found numerous dark striations forming bright grains. The
simulated intensity images are comparable with the observed context images. Figure 6.8
shows a cut through the simulated atmosphere of such a grain.

Comparing the simulated log(τ)-stratification (last row of the Figure 6.8) with the
stratification we extracted from our inverted atmosphere (e.g., Figure 6.3) we find a good
qualitative match of the observed signature with the simulation. Simulated and observed
grains also have comparable lifetimes. At log(τ)∈ [0,−2], simulated and inversion based
atmospheres show an increased temperature at the bright feature, a structured up- and
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Figure 6.7: Continuum intensity snapshot of the MURaM simulation at the optical surface
τ500 = 1. The left panel shows the complete simulation domain. The middle panel shows
a blow-up of the pore and the right most panel shows the blow-up convolved with the
point spread function (PSF) of an ideal 1.6 m telescope. The white rectangles mark the
locations of the striations and grains shown in Figures 6.8 and B.5.

downflow pattern, a canopy-like field structure and a secondary magnetic enhancement in
the low photosphere in the wake of the grain.

This similarity holds for all observed and all simulated events that we investigated
on. From the simulation we have analysed four striations forming a total of 14 grains,
whereof ten were still visible after convolution with a point spread function (PSF) of an
ideal 1.6 m aperture. Figure 6.8 shows an S-Type striation that formed a sequence of
grains. A Y-Type striation with grain is presented in Appendix B. In the simulation we
find similar processes acting in both types. We hence conclude that we see the same
process in simulations and observations. Having established the similarity of the features
observed and simulated, we will now use the simulation to discern their formation and
evolution.

The physical processes that lead to the appearance of dark striations at the interface
between pores and granulation is composed of multiple aspects. From the momentum pre-
sented in Figure 6.9 we see that material is moving from the forming granule on one side
towards the pore on the other side, were it hits the magnetic field which acts as a bound-
ary. Because of the field’s curvature the fluting instability, as suggested by Kuridze et al.
(2025), is a possible driver for the appearance of the finger-like weak field structure that
coincides with the dark striations. However, the pore is almost evacuated and its strong
field blocks the denser material flowing towards it from the granule. This behaviour might
also indicate a convection-driven Rayleigh–Taylor instability (RTI), in which the rapid de-
celeration of the plasma as it approaches the flux-tube boundary plays the role normally
attributed to gravitational force. The field geometry is favourable for an interpretation
in terms of fluting instability, but suppression by the strong vertical field (Figure 6.10)
could favour RTI. Cuts perpendicular to the striation, as shown in Figure 6.11, reveal a
different picture. The plume of hot material upwelling underneath the striation indicates a
predominantly convective nature of the striations. In such a complex situation it is almost
impossible disentangle the driving processes, as all of them presumably play a role.
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Figure 6.8: Cut through a grain in a MURaM simulation. Top row shows (a) continuum
intensity at 500 nm and horizontal (b) velocities and (c) field as vector maps, and (d)
vertical field strength, all at log(τ) = 0. All tick marks are in Mm. Middle row shows
cuts along the green dotted line indicated in the top row. Plotted are (e) temperature, (f)
vertical velocity, vertical field (g) and density (h). All tick marks are in Mm. Bottom
row shows vertical cuts through the same quantities as in panels (e)-(h), again along the
green dotted line, but with the vertical axis now given in optical depth between log(τ) = 0
and log(τ) = −2, which is similar to the optical depth range covered by the atmospheres
obtained from the observations. Tick marks on the x axis are in Mm, tick marks on y axis
in log(τ). We have adjusted the sign of the vertical flows in all panels to match inversion
results, thus negative values along the z-axis denote an up-flow and positive z-velocities
denote a down-flow. The simulated grain is marked with a black circle in panels (a-d) and
a vertical dashed line in panels (e-l). An animated version of this Figure is available with
the online material of (Hölken et al. 2026a).

While the dominant driver behind the presence of the striations remains unsolved,
their darker appearance can be understood when we analyse the plasma flows. Cuts per-
pendicular to the striation (Figure 6.11), show a plume of hot material convecting upwards
in the weak field passage, elevating the log(τ) = 0 surface. Also in this case the simulated
observable signatures show similarities to the signatures that we find in the observations
(Compare Figure 6.5). At the top, at the log(τ) = 0 surface, the field forms a cusp where
the up-flowing material gets trapped and then cools due to radiation. This explains the
lower temperature and hence the darkness of the striations. Similar processes of material
trapped in a field cusp have been reported for the dark lanes atop umbral dots (Schüssler
and Vögler 2006) or for dark lanes in penumbral filaments (Tiwari et al. 2013). When
viewed in geometric height, the cut through the vertical velocities shows the convective
nature of the striation, with material piling up from below, slowing down and becoming
suspended on the top, and is then downflowing on the sides.
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Figure 6.9: Momentum along the slit indicated in Figure 6.8 panel (a). The vertical
dashed line indicates the location of the grain and the black line indicates the log(τ) = 0
surface. Left panel shows horizontal momentum along the slit, right panel shows vertical
momentum. The negative horizontal momentum is pointing towards the pore on the left
and negative vertical momentum is pointing upwards.

To understand the formation, evolution, and decay of the bright grains it is best to
study the animations of Figures 6.8 and 6.10. Along the dark striation convection is
pushing non-magnetic material against the flux tube boundary from the side and from
below. The deceleration by the magnetic field is well visible in the net force panel of
Figure 6.10. This process forms fast downflows, in the order of 5-7 km/s, in front of
the grain (Figure 6.8, panel (f)). This evacuating process prevents material from getting
trapped atop the bright grain and is exposing the hot upflowing material. This evacuation
process also leads to a steep density gradient, which leads to a sharp increase of the optical
depth surface. In Figure 6.8 the steep angle of the log(τ)-surfaces illustrate this nicely.
This causes the grains to appear bright and hot, when observed from a viewing angle that
is at near-normal incidence to the slope of the optical depth surface. This explains why
we predominantly see these features at the limb side in observations. The flow direction
from the granule centre to its boundary with the umbra, which causes the grains, further
explains why all observed and simulated grains move inwards towards the umbra.

6.5 Discussion

The atmospheric stratification inferred from a FISS-SP scan matches very well with the
observable signature extracted from a MURaM simulation. On first glance, there appears
to be one discrepancy that must be discussed further: While in the observations only some
dark striations formed bright grains, in the simulation all dark striations in the vicinity of
the pore form bright grains, sooner or later. Two mechanisms explain this apparent dis-
crepancy: (i) The observation with the FISS-SP context camera covers 200 s, while the
simulation spans roughly 15 minutes, of which we analysed the last ten. In the simula-
tion grains are constantly forming, but their appearance is scattered over the analysed ten
minutes. (ii) The diffraction limited FISS-SP scans have a resolution of 0.068" which cor-
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Figure 6.10: Magnetic field vector, magnetic tension, total pressure and horizontal net
force along the slit indicated in Figure 6.8 panel (a). The vertical dashed line indicates
the location of the grain and the black line indicates the log(τ)= 0 surface. The negative
horizontal horizontal net force is pointing towards the pore An animated version of this
Figure is available with the online material of (Hölken et al. 2026a).

responds roughly to 49 km. The simulation has a pixel size of 6 km. Degradation of the
simulation to resemble our observation shows that not all simulated grains could be re-
solved with a 1.6 m telescope. In a randomly selected 200 s sample of degraded simulated
intensity images, as shown in the rightmost panel of Figure 6.7, we found a total of seven
grains. The apparent discrepancy can hence be accounted to missed (in terms of timing)
and unresolved formation of grains in some of the striations in the observations. Latest
broad-band observations3 from the Daniel K. Inouye Solar Telescope (DKIST, Rimmele
et al. 2020) seem to further support the assumption that also on the Sun grains form at
even smaller scales.

The similarity of our observations (see Figure 6.1, especially panels B and F) with the
described Y-shaped striations in the smaller granular light bridges reported by Schlichen-
maier et al. (2016) and Zhang et al. (2018) is striking. As in our pore scenario, granular
light bridges have granulation next to a strong magnetic field, which indicates a similarity

3See DKIST fastcam dataset (https://dkist.virtualsolar.org/vanNoortfastcam/) acquired
with a diagnostic setup at NSO/DKIST, built in collaboration with M. van Noort.
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Figure 6.11: Same as Figure 6.8 but perpendicular through the grain shown in Figure 6.8.
In this Figure the black + in panels (a-d) and the vertical dashed lines in panels (e-l) mark
the centre of the striation (based on the intensity).

of these structures. We further report a new S-shaped striation type with a grain forming
at a curved section of a striation.

Other typical dark lanes features, as above umbral dots (Schüssler and Vögler 2006),
penumbral filaments (Zakharov et al. 2008, Tiwari et al. 2013), or above filamentary light
bridges (Schlichenmaier et al. 2016) are formed just under the cusp where two fields
merge. Indeed, already Bharti et al. (2016) reported such a split field above a striation
at a pore boundary based on HINODE/SP observations and our data agrees well with
these results. Our simulation indicates that elevated trapped material in a field cusp atop
a convective pillar causes the appearance, also in the case of the dark striations discussed
here.

Bharti et al. (2016) further connected the grain forming Y-shaped striations with the
penumbra formation process. At first glance the moving bright grains seem to have a
strong similarity with penumbral filament grains (Muller 1973, Zhang and Ichimoto 2013,
Tiwari et al. 2013). On closer inspection we find them to be much smaller, faster, and not
as long living. A further difference is that we only find grains moving ’inwards’ towards
the pore and none moving ’outwards’ towards the surrounding granulation. Also the gen-
eral flow direction is only inwards (compare, Figure 6.8, panel (b)) and does therefore
not agree with more complex flow patterns of a developed penumbra (Tiwari et al. 2013).
Zhao et al. (2024) observed striations in an elongated granule associated with a moving
magnetic feature (MMF, Harvey and Harvey 1973) and found a rather stable magnetic
field configuration over the evolution of different optical appearances. They found a simi-
lar magnetic field configuration and strength around and above their striations as we found
at the boundary of a pore. Also Zhao et al. (2024) connected the striations they studied
to formation processes of penumbral filaments. Munjiba et al. (2024) reported multiple
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penumbra formations and losses for the AR observed here. However, due to the lack of
extended temporal high-resolution coverage, our dataset does not allow for speculations
about penumbra formation or similarities between penumbral grains and the grains we
observe here.

In our observations we also find striations at IGLs hosting a magnetic element. One
example positioned a bit away from the pore was presented in Figure 6.6. Considering
the similarity of IGL striations and pore striations (compare Figures 6.4 and 6.6) in our
dataset, we assume that at least the stronger IGL striations are formed by the same pro-
cesses as the striations observed at a pore boundary. Kuridze et al. (2025) report a similar
formation process for striations observed in a plague region. The size of the IGL-striations
from our dataset is at the upper end of the striations studied in their work. This connects
our findings to striations of even smaller scales.

6.6 Conclusion

In this study we analysed a spectrally and spatially highly resolved spectro-polarimetric
dataset from GST/FISS-SP (van Noort et al. 2025)4, inverted with the many-line inver-
sions technique (Riethmüller and Solanki 2019, Hölken et al. 2026b)5 using 85 lines.
This allowed us to investigate small-scale features in the presence of a pore. Due to the
close match of atmospheric signatures, inferred from the inverted observations, with the
atmospheric configuration of a pore in a MURaM simulation, we were able to describe
the formation and evolution of bright grains by a plasma flow penetrating a magnetic field
tube, visible as dark striation. Further, we offered a physical explanation for the viewing
angle based selection bias.

Based on the configuration of density, flows, and magnetic field in the simulation, we
identified the dark striations as convective features. Multiple instabilities could account
for their appearance. Especially, fluting and RTI seem to be likely. But also the upwelling
of hot convection-driven gas maybe producing the cusp of the field. The dark appearance
of such striations can be explained by trapped plasma in the cusp of the closing mag-
netic field, similar to dark lanes on umbral dots, penumbral filaments, or filamentary light
bridges. The bright grains are identified as fresh material being pushed up- and sidewards.
Since this material did not have time to cool, it appears bright. During the grain evolution
fast downflows evacuate cooling material in front of the grain.

Our description matches well with findings from intensity images (e.g., Schlichen-
maier et al. 2016, Kuridze et al. 2025) and spectro-polarimetric observations (e.g., Zhao
et al. 2024, Bharti et al. 2016). The good qualitative match with the MURaM-based
MHD simulation in intensity and atmospheric signature enabled us to provide a descrip-
tion of the underlying magneto-convective processes. Our results further establish the
good agreement of MURaM simulations with observed solar features. From the obser-
vation of nine bright grains, where of three were also observed with the spectrograph,
some statistical relevance could be established. However, further high-resolution spectro-
polarimetric observations are desirable to confirm the generality of our findings.

4Author’s note: Reproduced as Chapter 4 in this thesis.
5Author’s note: The Hölken et al. many-line paper is reproduced as Chapter 5 in this thesis.

149





7 Summarizing remarks and outlook

In this thesis I have tackled the challenges that arise when we want to explore the full res-
olution power of modern large-aperture solar telescopes for spectro-polarimetric obser-
vations. In Chapter 1 I have introduced why image restoration of solar spectra is needed
to explore small-scale features near the diffraction limit. I have further detailed why the
unavoidably increased noise floor, that comes with this process, provides a challenge for
the interpretation of the restored data using the Stokes inversion technique. As a solution
I proposed the solar many-line inversions technique for high spatial resolution spectra,
based on a theoretical pre-study by Riethmüller and Solanki (2019). The chapters that
form the main body of the thesis describe the building blocks needed to put the solar
many-line inversion technique into practice. They draw an arc from data calibration and
numerical methods over instrumental requirements to the application of many-line inver-
sions on solar observations. The previous chapter can then be seen as a proof of concept,
that the proposed solution indeed improves our possibilities to describe and understand
solar small-scale features.

As most chapters correspond to standalone articles with their own conclusion sections,
I here wish to bring all these results together under the umbrella of their common contri-
bution towards solar many-line inversions, discuss open questions, and put the results in
the context of latest developments in this field.

7.1 High resolution spectro-polarimetry

To exploit the potential of spectra with a high spatial resolution, we need to deal with the
noise. Using the combined signal of many simultaneously observed lines, enhances co-
herence and physicality of the inferred solar atmosphere. This allows us to detect signals
near the (increased) noise floor of the restored spectra and hence lessens the dependence
of precise polarimetry on low noise. Unfortunately, I cannot provide quantitative esti-
mates or speculate about the degree of relaxation, as the tolerable noise level strongly
depends on the specific scientific use case, and so will the possible relaxation. As a sum-
mary of the benefits found in Chapter 5 I can state that diverse lines, spanning formation
heights and various atomic properties, better constrain atmospheric parameters, leading
to a comprehensive, detailed, and meaningful representation of an observed solar atmo-
spheric configuration.

However, the many line approach turned out to be not as straight forward as one might
think. Similar to challenges faced by stellar astronomers, we now must carefully select
"well-behaved" lines. Fitting lines with missing blends and not sufficiently well described
parameters require large adaptations in the atmospheric model to reach a reasonable fit.
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This can drive the inferred atmosphere to physically implausible regimes (see, Figure 5.3),
since the degree of freedom to adapt line shapes by altering the atmospheric composition
based on a χ2-metric is quite high. The proposed selection process circumvents this issue,
by selecting only lines that agree well and produce results within the physically meaning-
ful regime. This allows us to extract information from a multitude of lines and improves
the coherence and noise-robustness of the inversion results. However, this is not com-
pletely satisfactory, as we only select lines with somewhat similar behaviour and thereby
neglect information from other lines. In the case discussed in Chapter 5 I was able to use
85 out of 171, which is almost exactly 50% of the lines.

Any Stokes inversion relies on the accuracy of the atomic line parameters, includ-
ing log(g f ) values. When inverting many-lines simultaneously the inversion-code can
no longer compensate so freely for inaccuracies in those line parameters. Therefore, the
many-line technique reveals those uncertainties more clearly than previous approaches
and is thereby pointing to a need for improved parameters of many of the lines in the
solar spectrum. In addition to poorly understood lines, we can speculate that lines, which
are not formed under LTE conditions, do not match the behaviour of other lines in an LTE
inversion approach, but would contribute valuable information when treated in NLTE.
Both tasks, setting up a multi-atom, multi-state atomic model for a many-line NLTE in-
versions and improving the atomic line parameters are complex tasks, worth of a thesis
on their own (See, for instance, Laverick 2019, Vukadinović 2024). It was therefore not
feasible to explore this realm in the scope of this work.

A further problem lies in the transferability of the results to other wavelength regions.
As I have shown in Chapter 5, the possibility to reproduce an average quiet Sun spectrum
does not automatically imply that the atomic parameters of the lines included are well
enough known to use them for the inversion of a high spatial resolution spectrum. Thus,
the need for a similar line selection process can be expected for observations with large-
spectral windows in other wavelength regimes. The observations from SUSI (nUV) and
SCIP (IR), as well as for the Mg i observations around 5180 Å conducted during the 2025
FISS-SP-campaign are of this kind. Especially the SUSI observations will provide new
challenges for the line selection process described in this work, as in the highly blended
nUV regime no section of clear continuum that separates the individual spectral windows
to test (see, Section 5.4.1) can be expected to exist anywhere in the spectra observed by
SUSI.

Despite all these remaining challenges, with the atmospheric configuration, inferred
from a FISS-SP observation using the many-line inversions approach, it was possible to
discern the magneto-convective nature of dark striations and bright grains. These are
small-scale features in the vicinity of magnetic elements in intergranular lanes and pores,
which are similar to those on granular light bridges in sunspots. Such features have been
observed and reported in broad-band images previously, but due to the lack of spectro-
polarimetric information with a high spatial resolution, no conclusive match with nu-
merical simulations and no satisfactory description of the underlying magneto-convective
processes existed so far. In Chapter 6 I provided an interpretation of the dark lanes as
convective features where the dark lane forms in the cusp of closing magnetic fields, sim-
ilar to the dark lanes on penumbral filaments, umbral dots, or filamentary light bridges. I
further also discerned the process causing the bright grains as a plasma flow evacuating
the topmost layer of the upwelling material in front of the striations. This description
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7.2 Outlook on future studies

was only possible because of the good agreement of the atmospheric signatures inferred
from the inverted high-resolution observations utilising many-lines simultaneously with
the atmospheric configuration of similar features in a MURaM simulation.

In summary, the presented results showcase the potential but also the limits of the
herein developed many-line approach. An obvious advantage of the traditional approach
using only a very limited number of lines lies in the natural limitation to lines that have
well-studied and relatively well-known atomic parameters. But with many-line inversions
we were able to use the reconstructed and noisy observations, which spatially resolve
small-scale features spectro-polarimetrically, to describe the corresponding composition
of the solar atmosphere. The method has thereby been proven as a possible way to mit-
igate the noise dilemma in spectro-polarimetry. It can hence be regarded as a success in
terms of the goals set in Chapter 1, which justifies the additional effort. However, as all
Stokes inversions, also the many-line method depends on the input model parameters, as-
sumptions, and available atomic data. Moreover, it reveals this dependency much stronger
than the currently common approach of using a few non-blended lines only. Further work
is therefore needed to improve atomic line parameters, to extend the line selection ap-
proach to other wavelength regimes, and to test the performance of other codes.

7.2 Outlook on future studies

With the availability of the many-line method the question if it is worth the increased effort
arises. In Chapter 6 I have shown one result, but dark striations and moving bright grains
are not the only small-scale features that are worth (re-)visiting. As a further example I
want to sketch a possible future study with some preliminary findings.

The dataset analysed in Chapters 5 and 6 includes a large pore with a fully devel-
oped umbra that shows a typical umbral feature: UDs. Recent UD studies (Yadav and
Mathew 2018, Kilcik et al. 2020, Calisir et al. 2023) focus on the lifetime and motion
of umbral dots within an umbra. Most studies of UDs were so far focused on umbrae
of sunspots, while the analysis of UDs in pores is under-represented. In general, high-
resolution spectro-polarimetric observations of pores remain very rare.

I have introduced the current state of agreement between simulations (i.e., Schüssler
and Vögler 2006) and observations (e.g., Socas-Navarro et al. 2004, Riethmüller et al.
2008, Watanabe et al. 2012, Riethmüller et al. 2013) in Chapter 1. In summary, the main
open points are the amount of the field strength reduction in and the details of the predicted
plasma flows in and around UDs.

In the dataset presented in Chapters 6, all upflowing UDs show a clear region of
descending plasma in their perimeters, which is in agreement with Schüssler and Vögler
(2006) and Riethmüller et al. (2013). Figure 7.1 presents cuts through the atmospheric
stratification of a typical log(τ)-stratification of an UD as extracted from our inversion. In
Panel (a) the two downflow channels (dark red) are visible at the top-right and bottom-
left of the central upflow plume (dark blue) We usually find such narrow fast downflow-
channels in the slowly downflowing perimeter surrounding an upflowing UD, which is in
line with the predictions of Schüssler and Vögler (2006) but was to date not confirmed
observationally. In contradiction to Schüssler and Vögler (2006) we do not find such
channels in the perimeters of all upflowing UDs.
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7 Summarizing remarks and outlook

Figure 7.1: Fast downflow channels of an umbral dot. Panel (a) shows the vLOS at the
optical surface. The white arrow indicates the length and direction of the cut shown on
the right while the black arrow points towards disk centre. The remaining three panels
show cuts through: (b) the temperature (T ), (c) line of sight velocities (vLOS), and (d) field
strength (B) stratification. The vertical axis of all three panels represents height in log(τ),
indicated on the left of panel (b). The SPINOR nodes are located at log(τ)∈{0,−0.8,−2}.
In panel (d) the dotted line indicates azimuth angle and dash-dotted line indicates incli-
nation of the magnetic field corresponding to the y axis of panel (d). Here, 0◦ is parallel
to the LOS, the value range is ±90◦. In all panels negative vLOS denote a flow towards the
observer (i.e., up-flow) and positive LOS velocities denote a flow away from the observer
(i.e., down-flow).

Figure 7.2: A group of UDs
forming a cluster. The fig-
ure shows normalized inten-
sity of Stokes I from the re-
stored FISS-SP scan, inte-
grated over the full wave-
length range. The arrows
point to the UDs forming the
cluster; blue for upflowing,
red for downflowing.
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7.3 Follow up and extension of this work

Five UDs (three upflowing, two downflowing) in the upper right corner of the umbra
form a cluster, shown in Figure 7.2. Between the upflowing UDs and the downflowing
UDs is a separating dark lane. This feature resembles the impression of a short faint light
bridge, similar to the description of Schlichenmaier et al. (2016). The three upflowing
UDs in this cluster are among the fastest in the dataset with speeds above 6 km/s.

As expected we find a reduction of the magnetic field in most UDs, but also counter
examples, as also reported by Ortiz et al. (2010) and Watanabe et al. (2012). Out of the 44
detected UDs six seem to be associated with hot downflows, the others with upflows. The
mean flow speeds are about 2.1 km/s upflow and 1.6 km/s downflow. The inverted field
maps indicate a field strength reduction of about 600 Gauss with respect to the measured
average field strength in the umbral background of about 2.1k Gauss.

Why we do not detect the downflow channels on every upflowing UD and also the
UD cluster is yet to be studied in more detail. But the good agreement of the inverted
atmosphere with the literature in terms of field reduction in the UDs, average flow speeds,
and height stratification allows us to trust the new observation of the fast downflow chan-
nels already. However, border cases, outliers, and the reliability of the results are still to
be analysed. Connections to the position of the UDs within the umbra or to the size and
brightness of the umbra are still to be drawn (or not).

7.3 Follow up and extension of this work

As we continue our exploration and analysis of solar many-line data, we can hope to
advance our understanding of the solar atmosphere beyond what pure LTE codes can
achieve. Although LTE codes fall short in fully reproducing many-line spectra with mixed
N/LTE populations, I was able to show that they are still effective in extracting coherent
configurations of the solar atmosphere from noisy data. Future work should hence include
the testing of various regularization techniques and a less strict height node handling, as
exemplified by SNAPI or globin, as well as considering NLTE-ready codes like SNAPI
or NICOLE, to mitigate described challenges.

Surely, focusing on codes and stratification models does not address the fundamen-
tal issue of insufficiently well known atomic parameters. But from a pragmatic point of
view, this approach still appears promising in the short-term: Improving atomic param-
eters for highly blended lines is significantly more complex than for isolated ones, and
already there the currently available data is incomplete. In contrast, examining whether
the results can be improved using more flexible atmospheric models seems less demand-
ing. Via the globin method it is plausible that a better understanding of the observed
spectra and features may facilitate the determination of the atomic parameters as well.
Ultimately, however, also the improvement of the many-line method remains limited by
the availability and correctness of the atomic data. This is especially the case for NLTE
inversions. Hence, in the long term, improvements in the accuracy of the atomic line
parameters are needed.

The data analysis on the other hand suggests that the pragmatic boundary, set by fea-
ture evolution time, is almost reached for spatially scanning instruments. The time scales
seen from the FISS-SP context imager that I discussed in Chapter 6 are in the order of 70
seconds, including formation, evolution, and decay. Other, yet not fully resolved features,
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7 Summarizing remarks and outlook

Figure 7.3: Estimated costs of image reconstruction per patch as CPU time (y-axis) versus
aperture size [m] and frame rate [Hz] (x-axis). The Plot is based on estimates by Michiel
van Noort (private communication).

seem to evolve on even shorter timescales. The scan speed for high resolution spectro-
polarimetry is limited, as sufficient photons of the highly dispersed spectrum need to be
collected. With increasing aperture, and therefore resolution, the evolution time scales
of the smallest resolvable features do not leave much room for a scan any more, espe-
cially, if a multi-path observation is targeted that allows to discern the time evolution of
such features. This is also nicely presented in Figure 1 of Iglesias and Feller (2019).
Filtergraphs, and other spectrally scanning instruments, currently do not allow to sample
a wide spectral range in a quasi-simultaneous way. They are, therefore, not suitable for
the application of a many-line inversion technique. One possible way out of this new
dilemma would be a many-line ready integral field unit. However, an instrument like the
Microlensed Hyperspectral Imager (MiHI, van Noort et al. 2022) with a spectral coverage
of 30 Å, installed at a four meter class telescope like DIKIST or the European Solar Tele-
scope (EST, Quintero Noda et al. 2022), will create new instrumentation, data handling,
and data processing challenges.

With approximately 40 minutes of CPU time1 needed, the estimation of the PSF and
reconstruction of the scene on a single sub-patch, obtained at a one-meter-class telescope,
is relatively affordable. One main assumption for the blind reconstruction approach, as
in MOMFBD, is that the solar scene remains unchanged for the whole batch of images
and the seeing must not change within each single exposure. The larger the aperture and,
thus, the diffraction-limited resolution, the shorter both time periods become. Hence, the
number of individual exposures must be adjusted accordingly to maximise the camera

1CPU time is a standard measure of the computational work done by a computer’s processor, calculated
by multiplying the number of active CPU cores by the time they are active. In High Performance Computing
(HPC) this is a useful unit to compare computational effort.
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7.3 Follow up and extension of this work

duty-cycle in order to collect all available photons. Since the isoplanatic patch also de-
pends on the aperture size, the number of needed frame-sub-patches might increase as
well. At the same time, the Fourier frequency, up until which the data can be reasonably
restored, increases. Consequently, the CPU time per reconstructed patch already increases
to about three hours for the 1.6-meter aperture of GST. However, for the four-meter aper-
ture of DKIST or EST and with the estimated needed frame-rate of 750 Hz the CPU time
for a single patch skyrockets to over 500 hours, as depicted in Figure 7.3. This is no longer
a sustainable use of (computing) resources and for a timely release of observational data
not tolerable. Hence, new approaches to speed up the estimation of the residual wavefront
error and extracting a PSF are needed.

What comes directly to mind is the use of a Machine Learning algorithm, and indeed,
success is reported in the restoration of intensity images (see, for example, Schirninger
et al. 2025). However, extensive testing has so far only partially been successful in es-
timating the wavefront error (see, among others, Asensio Ramos et al. 2023, Ge et al.
2024), which is needed to reconstruct also spectrograph data. One reason for the PSF
estimation being more problematic is that the problem seems to be too degenerate and
more constraints must be added to improve the convergence. New prototypes that explore
the merits of more objects from other wavelengths or the addition of an instrument spe-
cific Shack-Hartman type wavefront sensor could help constraining this problem. Using
a parallel implementation on graphical processor units (GPUs) of MFBD Li et al. (2025)
recently reported an acceleration factor of up to 266, while maintaining image reconstruc-
tion and PSF estimation quality. However, the solar part of their study was based on only
eight frames from a one-meter class telescope. It will be interesting to see if this scales
reasonably with the huge number of frames needed for a large aperture and a large FOV.
Testing these new approaches of PSF estimation on data from a very large aperture tele-
scope and to combine it with the spectral image reconstruction could provide the next
advancements is solar data acquisition.

A similar issue arises when interpreting the data by using inversion codes. In a com-
parison of artificial intelligence (AI) enhanced inversion codes for high resolution spectro-
polarimetry Socas-Navarro and Asensio Ramos (2021) report some progress on this topic.
But given the findings form this thesis, further consideration of the inaccuracy of our train-
ing and validation data sets, for instance because of incomplete line parameters, need to
be incorporated in such approaches. The concurrent information from multiple simulta-
neously observed lines might also be beneficial in this case. AI benchmark studies with
diffraction-limited SP data from large aperture telescopes using multiple lines simultane-
ously have not been published so far. However, one foreseeable problem is the need of
a new training for every change in the atomic model, the inclusion or removal of lines,
or the change of any other line specific parameter. If this is feasible - or in the end costs
more then we gain - is yet to be clarified.

The vast amount of data recorded with modern instruments is required to further en-
hance our understanding of our host star. While introducing AI into the calibration and
interpretation of solar data seems to provide a possibility to cope with those data vol-
umes, it also introduces new challenges in terms of validation (See, for instance, Oneto
et al. 2024) and training. With the high precision and reliability needed (compare, Chap-
ters 2 and 5) and the huge set of unknowns and inter-dependencies (compare, Chapters 1,
3, and 5) the question on how to build physically educated models is still an open field.
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7.4 Conclusion

This thesis presents a step in improving our interpretation methodology and providing a
path for future developments in this field. It uses advancements in inversion and image
reconstruction codes, as well as in observational and computational hardware to make
it possible to use a many-line inversion approach on solar spectra with a high spatial
resolution. It also underlines open questions as further advancements in the description
of atomic line parameters and also new strategies to timely reduce and interpret the vast
amount of observational data are needed.

The results presented in Chapter 6 show that, with the application of the herein devel-
oped many-line inversions on high spatial resolution spectra, a new realm of solar small-
scale features can be made accessible to interpretation based on SP data. The brief outlook
presented in Section 7.2 of this summarizing chapter shows further potential to decipher
known unknowns. However, taking into account its higher demands and complexity it is
not a one-size-fits-all tool for the interpretation of solar data and its application needs to
be decided depending on the specific science case. In conclusion, the here presented solar
many-line inversion approach is a powerful extension of our toolbox to decipher solar
observations.
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A An update from spectroflat

The original description of the spectroflat library (Chapter 2) was published in spring
2024. Now, in late summer 2025, almost 1.5 years have passed and it seems appropriate
to re-evaluate the performance and impact of the library. Already in 2024 we where able
to show that it surpasses the precision that can be achieved with the traditional approach
of extracting the smile-distortion from a single line only. The fully field dependent cal-
ibration is a necessary step to prepare data from grating based spectro-polarimeters for
restoration and many-line inversions alike.

Since the original publication, spectroflat has been extensively used in the calibra-
tion of FISS-SP data (see, Chapters 4 and 5). After the successful re-flight of Sunrise-III
in Summer 2024 it is now also an integral part of the Sunrise-III/SUSI data reduction
pipeline (Feller et al. 2025). With that it has now prooven its utility in practice.

Successful testing has been performed with other instruments as well. Among these
instruments are the Fibre Resolved OpticAl and Near-Ultraviolet Czerny–Turner Imaging
Spectropolarimeter (FRANCIS, Jess et al. 2023) (Glen Chambers, private communica-
tion), the Zurich Imaging Stokes Polarimeters (ZIMPOL, Keller et al. 1994, Povel 1995,
Ramelli et al. 2010) (Franziska Zeuner, private communication), and GREGOR/GRIS. It
has also been successfully used with amateur instruments, for instance with the spectro-
graph at the historic Hainberg-Observatory in Göttingen1 and the spectrograph of Alessan-
dro Ravagnin (private communication). This adds to the wide range of applications al-
ready shown in the original publication and underlines the general applicability and use-
fulness of a shared, commonly used library.
spectroflat is still under constant development and maintenance to provide a ser-

vice to the solar community. A major improvement was achieved when changing the smile
determination process to an iterative one. The first iteration is exactly the same as in the
previous version, but we now get a relative correction from the line residuals in the dust
flat (Figure 2.4) and small higher order line offsets in consecutive iterations. Depending
on the number of iterations, a smile correction down to residuals in the 10−5 px regime is
now possible. Other recent developments include further improvements of outlier mask-
ing in the pre-flat preparation, a global post-factum alignment of different modulation
states in the generated offset-maps, and some improvements for smile-detection in cases
with very strong smile for larger slits. In the process I have improved the documentation
and user friendliness. Since October 2025, spectroflat is an affiliated package2 of the
SunPy project (The SunPy Community et al. 2020).

1Amateurastronomische Vereinigung Göttingen e.V. (AVG), https://www.avgoe.de/
2Overview of SunPy affiliated packages: https://sunpy.org/affiliated/
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B Supplementary figures to Chapter 6

Figure B.1: Same as Figure 6.3, but for Grain C. The temperature increase in this grain is
much more localized as the ones shown in Figures 6.3 and B.2. The peak is marked with
a + in panel (a) and a vertical dashed line in panels (b) to (d).

Figure B.2: Same as Figure 6.3, but for Grain F.
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B Supplementary figures to Chapter 6

Figure B.3: Maps of the inverted atmosphere similar to Figure 5.7 but for the complete
inverted FOV and flipped y-axis. Here, the lower right panel shows a continuum image.
In all figures negative vLOS denote a flow towards the observer (i.e., up-flow) and positive
LOS velocities denote a flow away from the observer (i.e., down-flow). Disk-centre is
towards the upper right.

Figure B.4: Same as Figure 6.11 but cut through the grain shown in Figure 6.8. The circle
in panels (a-d) marks again the grain.
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B Supplementary figures to Chapter 6

Figure B.5: Same as Figure 6.8, but for a Y-Type grain. An animated version of this
Figure is available with the online material.

Figure B.6: Same as Figure 6.10, but for the grain shown in Figure B.5. Please note that
the pore is on the right in this plot and hence the positive horizontal horizontal net force
is pointing towards the pore.
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B Supplementary figures to Chapter 6

Figure B.7: Momentum along the slit for the grain shown in Figure B.5. Upper row shows
the momentum, lower row the non-linear part. Left column shows horizontal parts within
the log(τ)=0-surface, the green line indicates the slit plane with the grain marked by the
black circle. Middle column shows horizontal part, projected onto the slit plane, right
column the vertical part. The black solid line indicates the log(τ) = 0-surface and the
vertical black dashed lines marks the grain position. The positive horizontal momentum
is pointing towards the pore on the right and negative vertical momentum is pointing
upwards.
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C Atomic data listings

This Appendix presents the atomic line parameters used in the inversion process of the
FISS-SP data, as detailed in Chapter 5. The configurations presented in Table C.1 were
then also used for the inversion results presented and discussed in Chapter 6.
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C Atomic data listings
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D Notation

D.1 Symbols
This listing holds the typical definition/use of the symbols. Some definitions can be locally
overwritten. Symbols with local/temporal definition only are not listed.

E[X] Expected value of a random variable X

C Complex numbers

Ic, IQS Quiet Sun continuum intensity

µ Cosine of the heliocentric angle

F Fourier transform operator

r0 Fried parameter

1x∈X Indicator function (1 if x ∈ X, 0 otherwise)

δi j Kronecker Delta

B Magnetic field strength [G]

L Maximum Likelihood Estimator

N0 Natural numbers including 0 ({0, 1, 2, ...})

τ, τx Optical depth (at wavelength x)

R Real numbers

I,Q,U,V Stokes parameters

L2(X) Set of square integrable functions on X

T Temperature [K]

⊙ The Sun

vLOS (Line of sight) velocities [km/s]

χ2 Error metric, typically computed as
∑
λ

(xobs
λ −xfit

λ )2

xobs
λ

for all wavelength bins λ

Ψn n-th Zernike polynomial according to the Noll index scheme
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D Notation

D.2 Acronyms

ADU Analogue-to-digital units (photon counts)
AO Adaptive Optics
AOI Angle of Incidence
AR Active Region
AU Astronomical Unit (∼ 1.5 × 108 km)
AWGN Additive White Gaussian Noise
AWIV Area with implausible value
BBSO Big Bear Solar Observatory
CAD Computer Aided Design
CCD Charge-coupled device
CMOS Complementary metal-oxide-semiconductor
CWL Central Wavelength
DKIST Daniel K. Inouye Solar Telescope
EM Expectation Maximization (algorithm)
EST European Solar Telescope
EUV Extreme Ultra Violet
FFT Fast Fourier Transform
FISS Fast Imaging Solar Spectrograph
FISS-SP FISS spectro-polarimeter
FLC Ferro-electric Liquid Crystals
FOV Field of View
FTS Fourier Transform Spectrograph
FWHM Full Width at Half Maximum
GRIS GREGOR Infrared Spectrograph
GS Gerchberg-Saxton (algorithm)
GST Goode Solar Telescope
HSRA Harvard-Smithsonian reference atmosphere
IGL Intergranular lane
IR Infrared part of the spectrum
KL Karhunen-Loève
LB Light bridge
LOS Line Of Sight
LP Linear Polarizer
LR Lucy-Richardson (algorithm)
LTE Local Thermal Equilibrium
ML Maximum Likelihood /Many Line
(MO)MFBD (Multi Object) Multi Frame Blind Deconvolution
MSE Mean Square Error
MTF Modulation Transfer Function
NL (Camera) Non-Linearity
NLTE Non-LTE
NOAA National Oceanic and Atmospheric Administration
nUV Near Ultraviolet part of the spectrum
OTF Optical Transfer Function
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D.2 Acronyms

PBS Polarizing Beam Splitter
PCU Polarimetric Calibration Unit
PD Phase Diversity
PMU Polarimetric Modulation Unit
PSF Point Spread Function
RMS Root Mean Square (

√∑N
n=1 x2

n/N)
ROI Region of Interest
RTE Radiative Transfer Equation
RTI Rayleigh–Taylor instability
SJC Slit-Jaw Camera
SNR Signal to noise ratio
SST Swedish Solar Telescope
SP Spectro-Polarimeter
SPC Spectrograph Camera
SPSF Spectrograph PSF
SUSI Sunrise UV Spectrograph and Imager
UD Umbral dot
UTC Coordinated Universal Time
UV Ultraviolet part of the spectrum
VALD Vienna Atomic Line Database
VIS Visible part of the spectrum
WL Wavelength
QWP Quarter Wave Plate
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